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1. Introduction 

"How exotic are exotic spheres ?" 



The term "exotic sphere" was used by J. Milnor to characterize smooth manifolds 
that are homotopy equivalent and homeomorphic to S n , but not diffeomorphic to 
S 12 . 1 This strange mathematical phenomenon, never foreseen before the introduc- 
tion just by J. Milnor of the famous 7-dimensional exotic sphere [29], has stim- 
ulated a lot of mathematical research in algebraic topology. The starting points, 
were, other than the cited paper by J. W. Milnor, also a joint paper with M. A. 
Kervaire [26] and some papers by S. Smale [56], Frccdman [13] and J. Cerf [6] on 
generalizations of the Poincarc conjecture in dimension n > 4. There the princi- 
pal mathematical tools utilized were Morse theory (Milnor), h-cobordism theory 
(Smale), surgery techniques and Hirzcbruch signature formula. Surprising, from 
this beautiful mathematical architecture was remained excluded just the famous 

4n this paper we will use the following notation: ss homeomorphism; = diffeomorphism; ~ 
homotopy equivalence; ~ homotopy. 
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Poincare conjecture for 3-dimensional manifolds. In fact, the surgery techniques 
do not give enough tools in low dimension (n < 5), where surgery obstructions 
disappear. Really, it was necessary to recast the Poincare problem as a problem 
to find solutions in a suitable PDE equation (Ricci flow equation), to be able to 
obtain more informations just on dimension three. (Sec works by R.S. Hamilton 
[18, 19, 20, 21, 22], G. Perclman [34, 35] and A. Prastaro [51, 1].) The idea by 
R. S. Hamilton to recast the problem in the study of the Ricci flow equation has 
been the real angular stone that has allowed to look to the solution of the Poincare 
conjecture from a completely new point of view. In fact, with this new prospective 
it was possible to G. Perelman to obtain his results and to A. Prastaro to give a 
new proof of this conjecture, by using his PDE's algebraic topologic theory. To this 
respect, let us emphasize that the usual geometric methods for PDE's (Spencer, 
Cartan), were able to formulate for nonlinear PDE's, local existence theorems only, 
until the introduction, by A. Prastaro, of the algebraic topologic methods in the 
PDE's geometric theory. These give suitable tools to calculate integral bordism 
groups in PDE's, and to characterize global solutions. Then, on the ground of inte- 
gral bordism groups, a new geometric theory of stability for PDE's and solutions of 
PDE's has been built. These general methodologies allowed to A. Prastaro to solve 
fundamental mathematical problems too, other than the Poincare conjecture and 
some of its generalizations, like characterization of global smooth solutions for the 
Navier-Stokes equation and global smooth solutions with mass-gap for the quantum 
Yang-Mills superequation. (See [40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52]. 2 ) 
The main purpose of this paper is to show how, by using the PDE's algebraic 
topology, introduced by A. Prastaro, one can prove the Poincare conjecture in 
any dimension for the category of smooth manifolds, but also to identify exotic 
spheres. In the part I [53] we have just emphasized as in dimension 3, the method 
followed by A. Prastaro allows us to prove the Poincare conjecture and to state also 
that 3-dimcnsional homotopy spheres are diffcomorphic to S . (Related problems 
are considered there too.) In the framework of the PDE's algebraic topology, the 
identification of exotic spheres is possible thanks to an interaction between integral 
bordism groups of PDE's, conservation laws, surgery and geometric topology of 
manifolds. With this respect we shall enter in some details on these subjects, in 
order to well understand and explain the meaning of such interactions. So the 
paper splits in three sections other this Introduction. 2. Integral bordism groups 
in Ricci flow PDE's. 3. Morse theory in Ricci flow PDE's. 4. h-Cobordism in 
Ricci flow PDE's. The main result is contained just in this last section and it is 
Theorem 4.59 that by utilizing the previously results considered states (and proves) 
the following. 3 

Theorem 4.59. The generalized Poincare conjecture, for any dimension n > 1 is 
true, i.e., any n- dimensional homotopy sphere M is homeomorphic to S n : M « S n . 
For 1 < n < 6, n ^ A, one has also that M is dijfeomorphic to S n : M = S n . But 
for n > 6, it does not necessitate that M is dijfeomorphic to S n . This happens 
when the Ricci flow equation, under the homotopy equivalence full admissibility 
hypothesis, (see below for definition), becomes a 0-crystal. 



See also Refs. [1, 2, 54], where interesting related applications of the PDE's Algebraic Topol- 
ogy are given. 

3 In order to allow a more easy understanding, this paper has been written in a large expository 
style. 
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Moreover, under the sphere full admissibility hypothesis, the Ricci flow equation 
becomes a 0-crystal in any dimension n > 1. 

2. INTEGRAL BORDISM GROUPS IN RICCI FLOW PDE's 

In this section we shall characterize the local and global solutions of the Ricci 
flow equation, following the geometric approach of some our previous works on 
this equation [41, 51, 49, 1]. Let M be a n-dimensional smooth manifold and let us 

consider the following fiber bundle tt : E = K x S^M ->lx M, (t, x l , yij)\<ij< n *-> 

(t,x l ) = (x a )o< a < n , where S$M C S°M is the open subbundlc of non-degenerate 
Riemannian metrics on M. Then the Ricci flow equation is the closed second 
order partial differential relation, (in the sense of Gromov [17]), on the fiber bundle 
7f : E ->• R x M, (RF) c JD 2 (E). defined by the differential polynomials on 
JD 2 {E) given in (1): 



(1) 



Fji = \y\[yik](yu,jk + Vjk,u - Vji,ik ~ y%ks) 



+[yik)[yrs]{\jk,r][il,s) - \jl,r][ik,s]) + lj ^-yji,t 

\y 2 



where [ij, r] are the usual Christoffcls symbols, given by means of the coordinates 
yrs,i, \y\ = det(j/ife), and [y%k] is the algebraic complement of ytk- The ideal p =< 
Fji > is not prime in M.[y rs ,y r s,a,yrs,ij]- However, an irreducible component is 
described by the system in solved form: y rS: t = — j^rSji. This is formally integrable 
and also completely integrable. 4 In fact, 

f dim JD 2+S (E) =n+l + Eo<r<2 +s '"T* 

(2) dim(i?F) +s = n + 1 + ^[Eo< r < 2+s W - Eo<,'< s 
{ dim. 92+s = ~ 

Therefore, one has: dim(i?_F) +s = dim(RF) + ^ s _ 1 - ) + dim^+s- This assures that 
one has the exact sequences in (3). 

(3) (RF) +S ^ (RF) +(s -i) ^ , s > 1. 

One can also see that the symbol gi is not involutive. By the way a general 
theorem of the formal geometric theory of PDE's assures that after a finite number 
of prolongations, say s, the corresponding symbol §2+s becomes involutive. (See 
rcfs.[16, 40].) Then, taking into account the surjectivity of the mappings (3), we get 
that {RF) is formally integrable. Furthermore, from the algebraic character of this 
equation, we get also that is completely integrable. Therefore, in the neighborhood 
of any of its points q € (RF) we can find solutions. (These can be analytic ones, 
but also smooth if we consider to work on the infinity prolongation (RF) +ao , where 
the Cartan distribution is "involutive" and of dimension (n + 1).) Finally, taking 
into account that dim(i?F) > 2(n + 1) + 1 = 2n + 3, we can use Theorem 2.15 
in [41] to calculate the n-dimensional singular integral bordism group, for 
n-dimcnsional closed smooth admissible integral manifolds hording by means of 
(singular) solutions. (Note that the symbols of (RF) and its prolongations are 



4 We shall denote with the same symbol (RF) the corresponding algebraic manifold. For a 
geometric algebraic theory of PDE's see the monograph [40], and references quoted there. 
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non-zero.) This group classifies the structure of the global singular solutions of the 
Ricci-flow equation. One has: 

(4) ^/ } = H r (M;Z 2 )® Z2 Q s , 

r-\-s=n 

where £l s is the bordism group for s-dimcnsional closed smooth manifolds. 5 
It is important to underline that with the term " n-dimcnsional closed smooth admis- 
sible integral manifolds" we mean smooth integral manifolds, N C (RF) C JD 2 (E), 
that diffeomorphically project on their image on E, via the canonical projection 

7i"2,o : JD 2 (E) — > E. In [51] we have proved, that any smooth section g : M —> S®M, 
identifies a space-like n-dimensional smooth integral manifold N C (RF), and that 
for such a Cauchy manifold pass local smooth solutions, contained in a tubular neig- 
bourhood N x [0,e) C (RF), for suitable e > 0. Therefore, we can represent any 
n-dimcnsional smooth compact Riemannian manifold (M, 7) as a space-like Cauchy 
manifold No C (RF) to , for some initial time to, and ask if there are solutions that 
bord Nq with (S n ,j'), where 7' is the canonical metric of S n , identified with an- 
other space-like Cauchy manifold Ni C (RF)t 1 , with to < ti. The answer depends 
on the class of solution that we are interested to have. For weak-singular solutions 
the corresponding integral bordism group r2« fl s is given in (4). The relation with 
the integral bordism group f£n i?F ' 1 , for smooth solutions of (RF) is given by the 
exact commutative diagram (5) where is reported the relation with the bordism 
group Q n for smooth manifolds. 

(5) 










Theorem 2.1. Let M in the Ricci flow equation (RF) C JD 2 (E) C J 2 (W) be 
a smooth compact n-dimensional manifold homotopy equivalent to S n . Then the 
n-dimensional singular integral bordism group of (RF) is given in (6). 

(6) C = n.®z»- 



'We used the fact that the fiber of E — > M is contractiblc. 
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Then one has the exact commutative diagram given in (7) 
(7) 




>- CI 





One has the isomorphisms reported in (8). 

f (a): nl R V/KiT=niV 
(8) { 

[ (b): d n ^/Ki RF) ^n n 

Proof. Since we have assumed that M is homotopy equivalent to S n , (M ~ S n ), 
we can state that M has the same homology groups of S n . Therefore we get the 
isomorphisms reported in (9). 



(9) ffp (M;Z 2 )^^ 2 )^{^ 

Therefore, taking into account (4) we get the isomorphism (6). □ 

Example 2.2. In Tab. 1 we report some explicitly calculated cases of integral 
singular bordism groups for 1 < n < 7. 

Table 1. Examples of singular integral bordism groups for n- 
dimcnsional homotopy spheres 



n 


a (RF) 

i£ "n,s 


1 




2 


Z 2 ffiZ 2 


3 


z 2 


4 


z 2 e z 2 e z 2 


5 


z 2 ® z 2 


6 


z 2 e z 2 e z 2 e z 2 


7 


z 2 ® z 2 



(i 
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3. MORSE THEORY IN RICCI FLOW PDE's 

Let us now give the fundamental theorem that describe quantum tunnel effects in 
solutions of PDEs, i.e., the change of sectional topology in the (singular) solutions 
of (RF). 

Theorem 3.1 (Topology transitions as quantum tunnel effects in Ricci flow equa- 
tion). Let N ,Ni C (RF) C JD 2 (E) be space-like Cauchy manifolds of (RF), 
at two different times to ^ t\. Let V C (RF) be a (singular) solution such that 
dV = Nq U Ni . Then there exists an admissible Morse function f : V — > [a, b] C K 
such that: 

(A) (Simple quantum tunnel effect). /// has a critical point q of index k then there 
exists a k-cell e k C V — Ni and an (n — k + l)-cell e* Il-fc+1 C V — Nq such that: 

(i) e k nN = de k ; 

(ii) e»"- fe+1 niVi = 9e*"- fc+1 ; 

(iii) there is a deformation retraction ofV onto Nq U e k ; 

(iv) there is a deformation retraction of V onto Ni U e* n-fe+1 ; 

(v) e* n - fe+1 ne l = q; e* n - fe+1 rti e fc . 

(B) (Multi quantum tunnel effect). If f is of type (i^q, • • • , v n +i) where denotes 
the number of critical points with index k such that f has only one critical values c, 
a < c < b, then there are disjoint k-cells e k C V \ N% and disjoint (n — k + l)-cells 
(e*)"~ fc+1 C V\N , 1 < i < v k , k = 0,-- - ,n + l, such that: 

(i) e k DN = de k ; 

(ii) e4~ k+1 D m = de* 7 r k+1 ; 

(iii) there is a deformation retraction of V onto N {J {^i : k(^*)i} / 

(iv) there is a deformation retraction ofV onto Ni[J {Ui j fe(e*)" _fe }; 

(v) (e*)r k ne k = qi ;(e*)r k+1 he k . 

(C) (No topology transition) . // / has no critical point then V = Nq x I where 
I =[0,1]. 

Proof. The proof can be conducted by adapting to the Ricci flow equation (RF) 
Theorem 23 in [36] . Let us emphasize here some important lemmas only. 

Lemma 3.2 (Morse-Smale functions). 1) On a closed connected compact smooth 
manifold M , there exists a Morse function f : M — > M. such that the critical values 
are ordened with respect to the indexes, i.e., f(x\) = f(x fl ), if A = \i, and f(x\) > 
f(Xfj_), if X > [i, where x\, (resp. x^J, is the critical point of f with index A (resp. 
j-i). Such functions are called regular functions, or Morsc-Smalc functions, and 
are not dense in C°°(M, R), as Morse functions instead are. Furthermore, such 
functions can be chosen in such a way that they have an unique maximum point 
(with index A = n = dxmM), and an unique minimum point (with index A = 0). 
2) To such functions are associated vector fields £ = grad / : M — > TM such that 
Q(x\) = iff x\ is a critical point. Then in a neighborhood of a x\, the integral 
curves of £ are of two types: ingoing in x\ , and outgoing from x\ . These fit in two 
different disks D x and D n ~ x contained in M called separatrix diagram. (See Fig. 

Q 



Lemma 3.3 (Morse functions and CW complexes), f) Let M be a compact n- 
dimension manifold and f : M — > [a, b] an admissible Morse function of type 
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(z^o, • • • ,Vn) such that dM = f~ l (b). Then M has the homotopy type of a fi- 
nite CW complex having v k cells at each dimension k = 0, • • • ,n. Furthermore 
(M,dM) has the homotopy type of a CW-pair of dimension n. 
Furthermore (M, f^ 1 (a)) has the homotopy of relative CW complex having v k cells 
of dimension k, for each k = 0, ■ • ■ , n. e 

2) An n-dimension manifold M has the homotopy type of a CW complex of dimen- 
sion < n. 

3) Let M be a compact manifold and N C M a compact submanifold with ON = 
dM = . Then (M, N) has the homotopy type of CW pair. 

4) The cell decomposition of a closed connected compact smooth manifold M , re- 
lated to a Morse-Smale function, is obtained attaching step-by-step a cell of higher 
dimension to the previous ones. 

Lemma 3.4 (Homological Euler characteristic). 1) If the compact solution V of 
(RF) is characterized by an admissible Morse function f : V — > [a, b] of type 
(i>o, ■ ■ ■ ,v n +i)> then its homological Euler characteristic Xhom{V) is given by the 
formula (10). 

(10) Xhom(V)= Pk=dim F H k (VJ- 1 (a);F) 

0<fe<(n+l) 

where F is any field. 7 Furthermore, if / _1 (a) = 0, then (3 k in (10) is given by 
[3 k = dim F H k (V;F), and X h om (V) = X (V). 

2) If M is a compact odd dimensional manifold with dM — 0, then X hom{M) = 0. 

3) Let M be a compact manifold such that its boundary can be divided in two 
components: dM = d-M\Jd+M, then Xhom{M,d+M) = Xh om (M,d-M). 

4) Let M be a compact manifold such that dM = Nq U TVi, with Ni, i = 0,1, 
disjoint closed sets. Let f : M — > R be a C 2 map without critical points, such 
that f(No) = 0, f{N\) = 1. Then one has the diffeomorphisms: M = Nq x /, 
M ^ Ni x /. 

5) Let M be a compact n-dimensional manifold with dM = 0, such that has a 
Morse function f : M — > M with only two critical points. Then M is homeomorphic 
to S n . 



relative CW complex (Y, X) is a space Y and a closed subspace X such that Y = [J Y r , 

r=-l 

such that X = Y"— i C Yq C — , and Y r is obtained from Y r — i by attaching r-cells. 

^Let Hi ! (Y, X; F) denote the singular homology group of the pair (Y, X) with coefficients in 
the field F. (i^ = dim^? H^(Y, X; F) are called the F-Betti numbers of (Y, X). If these numbers 
are finite and only finitely are nonzero, then the homological Euler characteristic of (Y, X) is 
defined by the formula: Xhom(Y,X) = X]o<fc<oo(~ i ) fc '^*' When Y is a compact manifold and 
X is a compact submanifold, then Xhom{Y, X) is defined. The evaluation of homological Euler 
characteristic for topological spaces coincides with that of Euler characteristic for CW complexes 
X given by x(^) = Y2i>o(~ ^Y^i> wnere &i is the number of cells of dimension i. For closed 
smooth manifolds M, x(M) coincides with the Euler number, that is the Euler class of the 
tangent bundle TM , evalued on the fundamental class of M . For closed Ricmannian manifolds, 
x(M) is given as an integral on the curvature, by the generalized Gauss-Bonnet theorem: x(Y) = 
(2^)" fv ^ Z> /(^)' where dV = 0, dim V = In, f2 is the curvature of the Lcvi-Civita connection and 
Pf(ty = 5Z CT eS 2 „ t ( <7 )r[ili !1 <r(2.-l) ff (20, where (n rs ) is the skew-symmetric (2n) X (2n) 

matrix representing Q : V -> so(2n) (g) A§(V), hence P/(0) : V -> A-2 n {V). In Tab. 2 are 
reported some important properties of Euler characteristic, that are utilized in this paper. 
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Table 2. Eulcr characteristic \'- properties and examples. 



Definition 


\ 


Remarks 


Examples 


BV = 0, dim V = 2n + 1, n > 




(from Poi ware duality) 




A/ W 

(hoinotopy valence) 


X (Af ) = X (N) 


from H"(Af) S H*{N) 


x(p») = 1 

x(S") = l + (-l)» =0 (n = odd),2 ( n = eve«) 
X (D 3 ) = v(P 3 ) = X (K») = 1, P 3 =convex polyhedron) 
v(S 2 ) = x(3P 3 ) = 2, r3P 3 =surface convex polyhedron) 


V = M U AT 


x(V) = x(M)+x(Jv) 


(from homology additivity) 


y(,9 2 U ■ ■ . U S 2 ) = 2n 


(A/, iV) 


X (A/ U JV) = x(Af ) + x(JV) - X (Af n 




v(S 2 ) = X (D 2 ) + X (D 2 ) - X (S' ) = 1 + 1 - = 2 

= x(M„i) + X (M„ b ) - v(S') =0 + 0-0 = 
X(C«Us' ° 2 = KP2 > = *«.!.> + X^ 2 ) - X(S') = + 1 - = 1 


V = M x N 


X (V)=X(M)#) 




X |T") = v(S' x ... x S'j = 


p : V -> Af 

orient able fibration over field 

with fibre F 

A/ path- connected 




(from Ser re- spectral sequence) 
(alsn iniin transfer map) 
(r : H.{M) -> ff.(V)) 

(p.-TsxfFJ.lj,.,^,) 


S» _> KP»: X (S») = v({l, -l}).x(»P") = 2. X (KP") 
1 (BP") = 0(„ = odd).l (n = eyen). 


p :V —t M 

k- sheeted covering 


X(V) = fc.x(Af) 




p : A/ Db -> S 1 : A/ Db = _\lulilus stri]>: \{M» b ) = 2\(S' 1 ) = 


V = OM. dim M = 2n, n > 


x(V)=2m,m>0 


(from excision couple) 


I'' :- .'.'1/ , / >J ") = 1 



X - Sl^' ) 7 is n SUrjcctlVG mnjiiiiiu/, fur i > 1 Jtnd mi isomorphism for i 1 
xfCP^) V r: ■ F. V vortex-nuaibor, B odge-uuimW, F raco-nuinboi 

( Ici-i'c: ciniTLliil suriwi*. % 'J _ry ^i-ims, (number < jf handle-; 

Cl"-«''i nimorientiible si i r fares y 2 «. k ntnioru ntabli jj.enus, (number tif real proj<v(ive plant's in a t imnei ted i lei mil position). 
F.xampliw of niHii.rieiitahle surfaces K„, Klein bottle (i)K„, P>), M„ h Mdbius strip {i)M„,, S 1 ). HP 1 Pn.jt*tive plane iOUP 1 Si). 
K.xiiinijk'H 'if m.iin incut able surfac.'S: (. '.. , = ; M,,t,= cross-cap: suiiViti 1 In mioti ifiv equivalent t'.i Mobius strip. 



Lemma 3.5. Let X and Y be closed compact differentiable manifolds without 
boundaries, then there exists a compact manifold V , such that dV = X U Y iff 
Y is obtained from X by a sequence of surgeries. (For details see below Theorem 
4.12.) 

a 

Theorem 3.6 (Smooth solutions and characteristic vector fields). The characteris- 
tic vector field £, propagating a space-like n-dimensional smooth, compact, Cauchy 
manifold N <zV , where V is a smooth solution of (RF), hence a time-like, (n + 1)- 
dimensional smooth integral manifold of (RF), cannot have zero points. 

Proof. In fact, the characteristic vector field £ coincides with the time-like Co = 
d x o+J2\p\>o Vap^Vj 'i w here are determined by the infinity prolongation (RF) +OQ 
of (RF). Therefore such a vector field cannot have zero points on a compact smooth 
solution V, of (RF), such that dV = N Q U iVi . On the other hand, if / : V ->• K is 
the Morse function whose gradient gives just the vector field £, then / cannot have 
critical points. 8 □ 

Corollary 3.7. A (n + 1)- dimensional smooth, compact, manifold V C (RF), 
smooth solution of (RF), such that dV = Nq U N±, where Ni, i — 0, 1, are smooth 
Cauchy manifolds, cannot produce a change of topology from Nq to Ni, hence these 
manifolds must necessarily be homeomorphic. 

The following theorem emphasizes the difference between homeomorphic manifolds 
and diffeomorphic ones. 

Theorem 3.8 (Exotic differentiable structures on compact smooth manifolds). Let 
M and N be n-dimensional homeomorphic compact smooth manifolds. Then it does 
not necessitate that M is diffeomorphic to N. 

^Let us recall that a compact connected manifold M with boundary 8M ^ 0, admits a 
nonvanishing vector field. Furthermore, a compact, oriented n-dimensional submanifold M C K 2 " 
has a nonvanishing normal vector field. Therefore, above statements about smooth solutions of 
(RF) agree with well known results of differential topology. (See, e.g. [24]. 
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Proof. Since M is considered homeomorphic to N, there exist continuous mappings 
/ : M — > N and g : N — > M, such that g o f = id,M, and / o g = idpf. Let us 
consider, now, the following lemma. 

Lemma 3.9. Let M and N be C s manifolds, 1 < s < oo, without boundary. Then 
C S (M,N) is dense in C r s (M, N) , (in the strong topology), < r < s. 

Proof. See, e.g., [24]. □ 

From Lemma 3.9 we can state that the above continuous mappings / and g can 
be approximated with diffcrcntiable mapping, but these do no necessitate to be 
diffcomorphisms. In fact we have the following lemma. 

Lemma 3.10. Let G k (M,N) C C k (M,N), k > 1, denote any one of the follow- 
ing subsets: diffeomorphisms, embeddings, closed embeddings, immersions, submer- 
sions, proper maps. Let M and N be compact C s manifolds, 1 < s < oo, without 
boundary. Then G S (M, N) is dense in G r (M, N) in the strong topology, 1 < r < s. 
Ln particular, M and N are C s diffeomorphic iff they are C r diffeomorphic with 
r > 1. 

Proof. See, e.g., [24]. □ 

Above lemma can be generalized also to compact manifolds with boundary. In fact, 
we have the following lemma. 

Lemma 3.11. Let us consider compact manifolds with boundary. Then the follow- 
ing propositions hold. 

(i) Every C r manifold M , 1 < r < oo, is C°° diffeomorphic to a C°° manifold and 
the latter is unique up to C°° diffeomorphisms. 

(ii) Let (M,dM) and (N,dN), be C s manifold pairs, 1 < s < oo. Then, the 
inclusion C s (M,dM;N,dN) ^ C r (M,dM;N,dN), < r < s, is dense in the 
strong topology. If, 1 < r < s and (M, dM ) and (iV, dN) are C r diffeomorphic, 
they are also C s diffeomorphic. 



Therefore, it is not enough to assume that compact smooth manifolds should be 
homeomorphic in order to state that they are also diffeomorphic, hence the proof 
of Theorem 3.8 is complete. (To complement Theorem 3.8 see also Lemma 4.28 



From Theorem 3.8 we are justified to give the following definition. 

Definition 3.12. Let M and N be two n-dimensional smooth manifolds that are 
homeomorphic but not diffeomorphic. Then we say that N is an exotic substitute 



Example 3.13. The sphere S 7 has 28 exotic substitutes, just called exotic 7- 
dimcnsional spheres. (See [29, 26] .J These are particular 7 ' -dimensional manifolds, 
built starting from oriented fiber bundle pairs over S A . More precisely let us consider 
(D 4 ,S 3 ) — > (W, V) — > S 4 . The A-plane bundle D 4 — > S 4 is classified by the isomor- 
phism [S 4 ,BSO(A)] =Z0Z, given by co ^ (±(2%M +Pi(w))> l( 2 x( w ) ~M"))), 
where £ H 4 {S 4 ) = Z are respectively the Euler number and the Pontr- 

jagin class of ui, (related by the congruence Pi(uj) = 2x(cj) (mod 4). Let us denote 



Proof. See, e.g., [24] 



□ 



and Lemma 4.29 below.) 



□ 



ofM. 
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by (W(uj),V(u})) the above fiber bundle pair identified by lu. The homology groups 
of V(uj) — > S 4 , are given in (ll). 9 

Z if p = 0, 7 

coker (x(w) : Z — > Z) if p = 3 
ker(x(w) : Z -> Z) if p=4 
otherwise. 



(11) #p(V(uO) 



(12) 



The Euler number x( w ) * s ^e Hopf invariant of J(u>) G ttj(S 4 ), i.e., x( w ) = 
Hopf(J(u)) G Z. J/ x( w ) = 1 € Z, then V(u>) is a homotopy 7 -sphere which 
is boundary of an oriented 8-dimensional manifold W(uS). In fact + = and 
for xi 10 ) = 1 € Z one has H p (V(w)) = H p (S 7 ). Let k be an odd integer and let 
U!k '■ S 4 —> BSO(4) be the classifying map for orientable 4-plane bundle over S 4 
with pi(uk) = 2k, x(wfe) = 1 G Z. There exists a Morse function V{u>k) — > M with 
two critical points, such that V(wfc) \ {pt} = R 7 ; hence V(ujk) is homeomorphic to 
S 7 . Let us investigate under which conditions V(tJk) * s diffeomorphic to S 7 too. 
So let us assume that such diffeomorphism f : V(ujk) — S 7 exists. Then let us 
consider the closed oriented 8-dimensional manifold M = W(wk) U/ D 8 . For such 
a manifold we report in (12) its intersection form and signature. 

(ff 4 (M),A) = (Z,l) 
a{M) =a{H 4 (AI),\) = 1. 

By the Hirzebruch signature theorem one has o~{M) =< £2(^1,^2), [M] >= 1 € Z. 
with < C 2 (pi,P2), [M] >= is(7p 2 (M) - pi(M) 2 ) = 1 g H 8 (M) = Z, Pl {M) = 2k, 
p 2 {M) = i(45 + 4fc 2 ) = |(fc 2 — 1) + 7 G H 4 (AI) = Z. Since p 2 (M) is an integer, it 
follows that must be k 2 = 1 (mod 7). This condition on k, comes from the assump- 
tion that V(uJk) * s diffeomorphic to S 7 , therefore, it follows that under the condition 
k 2 ^ 1 (mod 7), V(wjfc) can be only homeomorphic to S 7 , but not diffeomorphic, 
hence it is an exotic sphere, and M is only a 8-dimensional topological manifold, 
to which the Hirzebruch signature theorem does not apply. 

Example 3.14. The A- dimensional affine space R has infinity exotic substitutes, 
just called exotic M 4 . (See [11, 13] J 

The surgery theory is a general algebraic topological framework to decide if a ho- 
motopy equivalence between n-dimensional manifolds is a diffeomorphism. (See, 
e.g. [64].) We shall resume here some definitions and results about this theory. In 
the following section we will enter in some complementary informations and we will 
continue to develop such approach in connection with other algebraic topological 
aspects. 

Definition 3.15. An n-dimensional geometric Poincare complex is a finite CW 
complex such that one has the isomorphism H P (X;A) = H n ^ p (X; A) , induced by 
the cap product, i.e. [u] <-> [X] n [to], for every Z\ji\{X)\-module A. 

Theorem 3.16 (Geometric Poincare complex properties). 1) An n-dimensional 
manifold is an n-dimensional geometric Poincare complex. 

2) Let X be a geometric Poincare complex and Y another CW complex homotopy 
related to X. Then also Y is a geometric Poincare complex. 



^Recall that an odd dimensional oriented compact manifold M, with dM = has x(M) = 0. 
In particular x(S 2k+1 ) = 0, instead x(S 2k ) = 2- Furthermore, if M and TV are compact oriented 
manifolds with dM = dN = 0, then \{ M x JV) = x( M )x( N )- 
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3) Any CW complex homotopy equivalent to a manifold is a geometric Poincare 
complex. 

4) Geometric Poincare complexes that are not homotopy equivalent to a mani- 
fold may be obtained by gluing together n-dimensional manifolds with boundary, 
(M,dM), (N,dN), having an homotopic equivalence on the boundaries, f : DM ~ 
dN , which is not homotopic to a diffeomorphism. 

5) (Transfer or Umkehr map). Let f : N — > M be a mapping between oriented, com- 
pact, closed manifolds of arbitrary dimensions. Then the Poincare duality identifies 
an homomorphism t : H'(N;Z) — > H*~ d (M;'Z), where d = dim N — dim M . More 
precisely one has the commutative diagram (13) that defines r. 

(13) H m (N;Z) — >-H— d (M;Z) 



where d = dimiV — dimM. Djy and Dm are the Poincare isomorphisms on N 
and M respectively. One has r(f*(x) U y) = x U r(y), Vx G H'(M;Z) and y £ 
H'(N;Z). W 

In particular when f : M — > M is a covering map, then one can write t(x)(o~) = 
*(E/(ff)=J2f> Va; € C 'W and * € C.{M). 

Definition 3.17. Let X be a closed n-dimensional geometric Poincare complex. 
A manifold structure [M, f) on X is a closed n-dimensional manifold M together 
with a homotopy equivalence f : M ~ X. We say hat such two manifold structures 
(M, f), (N, g) on X are equivalent if there exists a bordism (F; f, g) : (V; M, N) — > 
X x (7; {0}, {1}), with F a homotopy equivalence. (This means that (V; M, N) is an 
h-cobordism, (see the next section).) Let 6(X) denote the set of such equivalence 
classes. We call &(X) the manifold structure set of X. &(X) = means that X 
is without manifold structures. 

Theorem 3.18 (Manifold structure set properties). 1) &(X) is homotopy invariant 
of X , i.e., a homotopy equivalence f : X ~Y induces a bijection &(X) — > &(Y). 

2) A homotopy equivalence f : M ~ N of n-dimensional manifolds determines an 
element (M,f) £ &(N), such that f is h-cobordant to 1 : N -> JV iff (M,f) G 
[(N,1)]€G(N). 

3) Let M be a n-dimensional closed differ entiable manifold. If &(X) = {pt} then 
M does not admit exotic substitutes. 

4) (Differential structures by gluing manifolds together). Let M and N be n- 
dimensional manifolds such that their boundary are diffeomorphic: dM = ON. 
Let a and (3 be two differential structures on M [J^ iV that agree with the differ- 
ential structures on M and N respectively. Then there exists a diffeomorphism 
h : Wa. = Wp such that H\m = 1a/- 

Definition 3.19. A degree 1 normal map from an n-dimensional manifold M to 
an n-dimensional geometric Poincare complex X is given by a couple (f,b), where 
f : M X is a mapping such that f*[M] = [X] G H n (X), and b : vm — > n is 

10 If / : N -> M is an oricntablc fiber bundle with compact, orientable fiber F, integra- 
tion over the fiber provides another definition of the transfer map: r : H' e _ Rham (N) — > 
H d e-Rh am (M)'~ r , where r = dimF. 
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a stable bundle map over f , from the stable normal bundle vm ■ M — > BO to the 
stable bundle r\ : X — > BO. We write also (/, 6) : M — > X. 

Theorem 3.20 (Obstructions for manifold structures on geometric Poincare com- 
plex). 1) Let X be an n-dimensional geometric Poincare complex. Then the crite- 
rion to decide if X is homotopy equivalent to an n-dimensional manifold M, is to 
verify that are satisfied the following two conditions. 

(i) X admits a degreee 1 normal map (/, b) : M — > X . This is the case when the 
map t(vx) ■ X — > B(G/0), given in (14), is null-homotopic. 

(14) X ^BG ^B{G/0) 




t{y x ) 

Then there exists a null-homotopy t(yx) — {*} iff the Spivak normal fibration 
i>x '■ X — > BG = ]hnBG(k) admits a vector bundle reduction vx '■ X — > BO. 

(ii) (/, b) : M — > X is bordant to a homotopy equivalence (g,h) '■ N E3 X . 

2) (J. H. C. Whitchad's theorem). / : M — > X is a homotopy equivalence iff 
7r*(/) = 0. Let n = 2k, or n = 2k + 1. It is always possible to kill Tti(f), for i < k, 
i.e., there is a bordant degree 1 normal map (h,b) : N — > X, with 7Tj(/i) = for 
i < k. There exists a normal bordism of (f,b) to a homotopy equivalence iff it is 
also possible kill 7Tfc +1 (/i). In general there exists an obstruction to killing irk+i(h), 
which for n > 5 is of algebraic nature. 

3) (C. T. C. Wall's surgery obstruction theorem). [64] For any group tt there are 
defined algebraic L-groups L n (JL\n\) depending only on n(mod 4) as group of stable 
isomorphism classes of {—\) k -quadratic forms over Z[7r] for n = 2k, or as group 
of stable automorphisms of such forms for n = 2k + 1. An n-dimensional degree 
1 normal map (f,b) : N — > X has a surgery obstruction a*(f,b) g L n (1i[jri(X)]), 
such that o~i,(f, b) = if (and for n > 5 only if) (/, b) is bordant to a homotopy 
equivalence. 

Example 3.21. The simply- connected surgery obstruction groups are given in Tab. 
3. In particular, we have the following. 

Table 3. Simply connected surgery obstruction groups 



n (mod 4) 





1 


2 


3 


i„(Z) 


z 





z 2 






• The surgery obstruction of a 4k -dimensional normal map (/, b) : M — > X with 
tti(X) = {1} is cr*(f,b) = ^o-(K 2 k{M), A) £ L^T,) = Z, with A the nonsingular 
symmetric form on the middle- dimensional homology kernel 1-module 

K 2k (M) = ker(/* : H 2k (M) -+ H 2k (X)). 

• The surgery obstruction of a (4k + 2) -dimensional normal map (f,b) : M — > 
X with m(X) = {1} is a*(f,b) = Arf(K 2k+1 (M;Z 2 ),\,n) € L ik+2 (Z) = Z 2 , 
with A, /i the nonsingular quadratic form on the middle- dimensional homology Z 2 - 
coefficient homology kernel Z 2 -module 

K 2k+1 (M;Z 2 ) = ker(/» : H 2k+1 (M;Z 2 ) -> H 2k+1 (X;Z 2 )). 



EXOTIC HEAT PDE'S.II 13 



Table 4. Calculated groups 0„ for 1 < n < 20 and some related groups. 



71 


i 


2 


:i 


1 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


e„ 



















Z28 


I , 




z 6 


Z992 







Z2 




z 2 


Z16 


Zie 


Z523264 


Z24 


bPn + l 











(] 







Z 2 s 


a 


Z 2 





Z992 











Z812S 





z 2 





Z26I632 





e„/f.p„ +1 
















(1 





z 2 


z 4 


Z,i 








z 3 


z 2 


z 2 


z 2 


z 8 


Zie 


z 2 


Z24 


<IJ 





z 2 










z 2 







z 4 


z 6 








z 3 


z 4 


z 2 


Z2 


Zg 


Zie 


z 2 


Z24 




z 2 


z 2 


Z24 







z 2 


Z240 


z 4 


Zs 


z 6 


Z504 





Z3 


z 4 


Z960 


Z4 


Z16 








j 


ii 





Z24 










Z240 


Z2 


Z2 





Z504 











Z 4 80 


Z2 


z 2 









dim:? ®n = number of differential structures on the n- dimensional homotopy sphere. 

&Pn+i <] 0)i : subgroup of ?i- dimensional homotopy spheres bounding parallelizable manifolds. 

&P n +i is a finite cyclic group that vanishes if n is even. 

Kervaire-Milnor formula: dim z bP 4n = 2 2n ~ 2 (2 2n ~ 1 - l)Numerator(^^), 71 > 2, with B in Bernoulli numbers. 

dim^ bPin+2 = 0, n = 0, 1, 3, 7, 15; dimg &Pin+2 = 0, or Z2, n = 31; dim^ &P4H+2 = Z2 otherwise. 

7r^ = lim 7r ri _|_fc(S' fc ): stable homotopy groups or 71-stems. (Serre's theorem. The groups tt£ are finite.) 

There is an injective map &n/bP n +l —> ^n/J where J is the image of Whitehead's J-homomorphisms 7r n (50) — > TT s n . 
For n = one has 7r, S j = Z and J — 0. 



Theorem 3.22 (Browder-Novikov-Sullivan- Wall's surgery exact sequence). One 
has the following propositions. 

(i) Let X be an n- dimensional geometric Poincare complex with n > 5. The man- 
ifold structure set &(X) ^ iff there exists a normal map (f,b) : M — > X with 
surgery obstruction tr*(/, 6) = £ i n (Z[7Ti(X)]). 

(ii) Let M be an n- dimensional manifold. Then &(M) fits into the surgery exact 
sequence of pointed sets reported in (15). 

(15) ■••L„ +1 (Z[tti(M)]) ^G(M) *[M > G/0}^L n (Z[ir 1 (M)}) . 

4. h-COBORDISM IN RICCI FLOW PDE's 

In this section we shall relate the h-cobordism with the geometric properties of the 
Ricci flow equation considered in the previous two sections. With this respect let 
us recall first some definitions and properties about surgery on manifolds. 

Definition 4.1. 1) The rt-dimcnsional handle, of index p, is hP = D p x D n ~ p . Its 
core is D p x {0}. The boundary of the core is S^ 1 x {0}. Its cocore is {0} x D n ~ p 
and its transverse sphere is {0} x S n ~ p ~ 1 . 

2) Given a topological space Y , the images of continuous maps D" — > Y are called 
the n-cells of Y. 

3) Given a topological space X and a continuous map a : —> X . we call 

Y = X U Q D n obtained from X by attaching a n-dimcnsional cell to X . 

4) We call CW-complex a topological space X obtained from by successively 
attaching cells of non- decreasing dimension: 

(16) X = (UD°) U D 1 U D 2 ) U ■ ■ • 
We call X n = Ui<i<„ D\ n>0, the (n)-skeleta. 

Definition 4.2. (Homotopy groups.) 1) We define homotopy groups of manifold, 
(resp. CW-complex), M, the groups 

(17) tt p (M) = [S p ,M], p>0. 

2) Let X be a manifold over a CW-complex and an element x G ir n (X), n > 1. Let 

Y = XIJ^ D n+1 be the CW-complex obtained from X by attaching an (n + l)-cell 
with map <p n : S n — > X, with x = [</>"] £ TT n (X). The operation of attaching the 
(n + l)-cell is said to kill x. 
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Theorem 4.3. (CW-substitute) 1) For any manifold, M , we can construct a CW- 
complex X and a weak homotopy equivalence / : X — > M , (i.e., the induced maps 
/* : TT r (X') — > TT r (X) on the Hurewicz homotopy groups are bijective for r > 0). 11 
Then X' is called the CW-substitute of X . This is unique up to homotopy. 
2) Furthermore if h : X — > Y is a continuous map between manifolds, and (X' , /), 
(Y',g) are the corresponding CW-substitutes, then we can find a cellular map h : 
X' Y' so that the following diagram is commutative: 



(18) 




h! is unique up to homotopy. 

Definition 4.4. An n-dimensional bordism (W; Mq, /q; Mi, fi) consists of a com- 
pact manifold W of dimension n, and closed (n — 1) -dimensional manifolds Mq, 
Mi, such that dW = Nq U N\ } and diffeomorphisms fi : Mi = Ni, i — 0,1. An 
7i-dimcnsional h-bordism (resp. s-bordismj is a n-dimensional bordism as above, 
such that the inclusions N t W , i = 0, 1, are homotopy equivalences (resp. simply 
homotopy equivalences). 12 W is a trivial h-bordism ifW = Mq x [0, 1]. In such a 
case Mq is diffeomorphic to Mi: Mq = Mi 

We will simply denote also by (W; Ma, Mi) a n-dimensional bordism. 
If 4? : S p+1 x LP-p- 1 -> Mi is an embedding, then 

(19) W+ {cj) p ) = W{JD P x D n - p ee W[jh p 



■'■■'"Note that an homotopy equivalence is an weak homotopy equivalence, but the vice versa is not 
true. Recall that two pointed topological spaces (X, xo) and (V, yo) have the same homotopy type if 
iri(X,xo) = iri(Y,yo), and ir n (X,xo) and ir n (Y,yo) are isomorphic as modules over Z[ni (X, xo)] 
for n > 2. A simply homotopy equivalence between m-dimensional manifolds, (or finite CW 
complexes), is a homotopy equivalence / : M £2 N such that the Whitehead torsion r(f) G 
Wh(-Ki(M)), where Wh(iri(M)) is the Whitehead group of m(M). With this respect, let us 
recall that if A is an associative ring with unity, such that A m is isomorphic to A n iff m = n, put 
GL(A) = Un-i ^1(^)1 the- infinite general linear group of A and E(A) = [GL{A),GL(A)\ < 
GL(A). E(A) is the normal subgroup generated by the elementary matrices (J "J. The torsion 
group K\(A) is the abelian group K\(A) = GL(A)/ E(A). Let A* denote the multiplicative 
group of units in the ring A. For a commutative ring A, the inclusion A' ^> Ki(A) splits by 
the determinant map det : Ki(A) — > A*, r((p) i-f det(</>) and one has the splitting Ki(A) = 
A'©SJfi(A), where SK^A) = ker(dct : K\{A) -> A'). If A is a field, then Ki(A) = A' 
and SKi(A) = 0. The torsion t(/) of an isomorphism / : L = K of finite generated free A- 
modulcs of rank n, is the torsion of the corresponding invertible matrix (/j) G GL n (A), i.e., 

r(/) = t(//) 6 Ki(A). The isomorphism is simple if r(/) = £ i^i(A). The Whitehead group of 
a group G is the abelian group Wh{G) = ifi(Z[G])/{r(=Fg)|g 6 G}. Wh(G) = in the following 
cases: (a) G = {1}; (b) G = tti(M), with M a surface; (c) G = Z m , m > 1. There is a conjecture, 
(Novikov) that extends the case (b) also to m-dimensional compact manifolds M with universal 
cover M = R m . This conjecture has been verified in many cases [12]. 

12 Let us emphasize that to state that the inclusions Mi «-> W, i = 0, 1, are homotopy equiva- 
lences is equivalent to state the Mi are deformation retracts of W. 
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is said obtained from W by attaching a handle, h p = D p x D n p , of index p by 
(f>P. 13 Put d(W + (f> p )o = M , d(W + cj> p )i = d(W + <j) p ) - M . 

Theorem 4.5 (CW-substitute of manifold and Hurewicz morphisms). For any 

manifold M we can construct a CW-complex M' and a weak homotopy equivalence 
f : M' -> M. Then M' is called the CW-substitute of M. M' is unique up to 
homotopy. Then the homotopy groups of M and M' are isomorphic, i.e., one has 
the top horizontal exact short sequence reported in the commutative diagram (20). 
There the vertical lines represent the Hurewicz morphisms relating homotopy groups 
and homology groups. 

(20) ^7r p (M) *-tt p (M')) ^0 



»- H P (M) H P (M') »- 

If M is (n — l)-connected, n>2, then the morphisms a, a', become isomorphisms 
for p < n and epimorphisms for p = n + 1. 

We call the morphisms a and a' the Hurewicz morphisms of the manifold M and 
M' respectively. 

Definition 4.6. A p-surgery on a manifold M of dimension n is the procedure of 
construction a new n-dimensional manifold: 

(21) N = (M \S p x D n ~P) (J D p+1 xS"" H . 

Example 4.7. Since for the n-dimensional sphere S n we can write 

S n = Q D n+l = Q( D P+1 x £)n-p) 

> = S p x D n ~P U D p+1 x S , "- p ~ 1 

it follows that the surgery removing S p x D n ~ p C S n converts S n into the product 
of two spheres 

(23) D p+1 x S"-^ 1 (J D p+l x S n - p - 1 = S p+1 x S n - p -\ 

Theorem 4.8 (Surgery and Euler characteristic). 1) Let M be a 2n- dimensional 
smooth manifold and let apply to N obtained by M with a p-surgery as defined in 
(21). Then the Euler characteristic of N is related to the M one, by the relation 
reported in (24). 



(24) X (N) 



X(M) +2 p = odd 
x(M) — 2 p = even. 



2) Let M = In + 1, n > 0. If M — dV , then V can be chosen a manifold with 
x(V) = 0, i.e., having the same Euler characteristic of M . 

3) Let M = 2n,n> 0. If M = dV , then X (M) = 2 X (V). 



In general W{Jh p is not a manifold but a CW-complcx. 
^We say also that a p-surgery removes a framed p-embedding g : S p X D n ~ p «-> M. Then it 
kills the homotopy class [g] € ir p (M) of the core g = g\ : S p X {0} <-> M. 
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Proof. 1) Let us first note that we can write M = (M \ Sp x D n ~P) {J(S P x D 2n ~P), 
hence we get 



(25) 



X(M) = X ((M \Spx D n ~P)) + x {S p x D 2n ~P) 



= x(M \Spx D n -p) + (1 + (-l) p ). 
From (25) we get 



(26) X (M \Spx D n -P) = x(M) - (1 + (-l) p ) 

On the other hand one has 
(27) 



X(M) p = odd 
x(M) — 2 p = even. 



X(N) = x(M \Sp x D n -P) + x(D p+1 x S 271 ^ 1 ) - x(S p x S 12 "^" 1 ) 

2 p = odd 
p = even 



= x(M \Spx D n -P) + 
Then from (26) and (27) we get 
(28) X (N) = 



X(M) + 2 p = odd 
X{M) — 2 p = even. 

2) In fact, if n = 1 then M can be considered the boundary of a Mobius strip 
M b, that has just x(M /,) =0. If n > 3, and x(V) = 2g, we can add to V q 
times p-surgeries with p even in order to obtain a manifold V' that has the same 
dimension and boundary of V but with Eulcr characteristic zero. Furthermore, if 
X(V) = 2q + 1, we consider the manifold V" = V U RP 2n+1 that has the same 
dimension and boundary of V, but x{V") is even. Then we can proceed as before 
on V". 

3) Let us consider V = V \J M V. Then one has x(V) = = 2 X (V) - x(A/). □ 

Example 4.9. A connected sum of connected n- dimensional manifolds M and N 
is the connected n-dimensional manifold 

(29) M$N = (M \ D n ) (J(S'"- 1 x D v )[j(N \ D n ). 

AI$N is the effect of the 0-surgery on the disjoint union M U N which removes 
the framed 0- embedding S° x D n «-> M X N defined by the disjoint union of the 
embeddings D n <—} M, D n ^ N . 

Example 4.10. Given a (n + 1) -dimensional manifold with boundary (M,dM) 
and an embedding S' 1-1 x ^ dM, < i < n + 1, we define the (n + 1)- 

dimensional manifold (W, dW) obtained from M by attaching a i-handle: 

(30) W = M (J D l x D n -' l+1 =M{J ti. 

Then dW is obtained from dM by an (i — l)-surgery: 

(31) dW = {dM \ S 1 - 1 x D n - l+l ) |J D l x S" 1 ' 1 . 

S i-l xS n-i 

Definition 4.11. An elementary (n+ l)-dimcnsional bordism of index i is the bor- 
dism (W; M, N) obtained from M x D 1 by attaching a i-handle at S 11-1 x D n ~ l+1 <-i 
M x {1} . The dual of an elementary (n + l)-dimcnsional bordism (W; M, N) of in- 
dex i is the elementary (n + 1) -dimensional bordism (W; N, M) of index (n — i + 1), 
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obtained by reversing the ends and regarding the i-handle attached to M x D 1 as a 
(n — i + l)-handle attached to N x D . 

Theorem 4.12 (Handle decomposition of bordisms in the category 9Hoc)- 1) Every 
bordism (W; M,N), dimW = n + 1, dim M = dim-ZV = n, has a handle decompo- 
sition of the union of a finite sequence 

(32) (W; A/, N) = (Wi; M 0) Mi) (J(V^ 2 ; M l5 M 2 ) (J • • • (J(W*; M fc _ lf M fc ) 

of adjoining elementary bordisms (W s ; M s _i, M s ) wii/i index (i s ) such that < ii < 
i 2 < ■ ■ ■ < i k < n + 1. 

2) Closed n-dimensional manifolds M, N are bordant iff N can be obtained from 
M by a sequence of surgeries. 

3) Every closed n-dimensional manifold M can be obtained from by attaching 
handles: 

(33) M = h*° |J h h |J • ■ ■ [J . 

Furthermore, M has a Morse function f : M — > K mi/i critical points {xi , , • • • , , }, 
where x\ is a critical point with index X, and the corresponding vector field Q = 
grad / : M —¥ TM has zero-value only at such critical points. (See Fig. 1.) 

Proof. In fact any n-dimensional manifold can be characterized by means of its 
corresponding CW-substitute. □ 




Figure 1. Passing through critical point x\ <S M, (index A), of 
Morse function / : M K, identified by attaching handle to a 
manifold N. (Separatrix diagram.) 



Example 4.13 (Sphere S 2 ). In this case one has the following handle decompo- 
sition: S 2 = h°\Jh 2 , with h° = D a x D 2 = {0} x D 2 , the south hemisphere, and 
h 2 = D 2 x D° = D 2 x {1}, the north hemisphere. 

Example 4.14 (Torus T 2 = S 1 x S 1 ). This 2-dimensional manifold has the 
following CW-complex structure: T 2 = h° [j h 1 [j h 1 [j h 2 , with h° = {0} x D 2 , 
h 1 =D 1 x D 1 , h 2 = D 2 x D° = D 2 x {1}. 

Remark 4.15. One way to prove whether two manifolds are diffeomorphic is just 
to suitably use bordism and surgery techniques. (See, e.g. Refs. [63, 64] J In fact we 
should first prove that they are bordant and then see if some bordism can be modified 
by successive surgeries on the interior to become an s-bordism. 
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Theorem 4.16 (Homology properties in 9Jtoo-)- Let M be a n- dimensional mani- 
fold. One has the following homology structures. 

Let {C, (M; A) = A ®r C, (M; R), d} be the chain complex extension of the singular 
chain complex of M . Then one has the following exact commutative diagram: 

(34) 



B.(M;A) 



C.(M;A) 



Bor.(M;A) 



Z.{M;A) 



■■C.(M;A) 



Cyc,(M;A) 



H.(M;A) 



whe 



' B.(M;A)=kcr(d\c. { M lA )); Z.(M;A) = im (d\ c .(M;A)); 
H.{M; A) = Z.(M; A)/B.(M; A), 
be [a] e Bor.(M;A) ^a-b = dc, cE C. (M ; A) ; 
be [a]e Cyc.(M; A) => d(a - b) = 0; 
i r i An i » r \ f da = db = 
bG ^ G ^ M ^{a-b = dc, ceC.(M;A) 



Furthermore, one has the following canonical isomorphism: A £l m S (M) = H,(M; A). 
As C,(M;A) is a free two-sided projective A-module, one has the unnatural iso- 
morphism: Bor.(M; A) = A £l, <8 (M) Cyc.(M; A). 

Proof. It follows from standard results in homological algebra and homology in 
topological spaces. (For more details about see also [38].) □ 



Theorem 4.17 (Cohomology properties in 97loo). Let M be a n-dimensional man- 
ifold. One has the following cohomology structures. 

Let {C'(M; A) = Hom A (C.(M; A); A) = Hom m (C.(M; R);A), 6} be the dual of the 
chain complex C,(M; A) considered in above theorem. Then one has the following 
exact commutative diagram: 
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(35) 



where: 



B'{M;A) 



Z m (M;A) 



H'{M-A) ^0 



H2J(M) 



C'(M;A) 



Bor'(M;A) 



C*{M;A) 



Cyc'(M;A) 











be [a] e A n' s {M) 



B-(M;A) = kei(S\o. iM ;A)y, Z'{M;A)=mx{5\ c . {M . A) ); 
H*(M;A) = Z'(M;A)/B'(M;A); 
b € [a] e Bor'(M ; A) ^a-b = 6c; c g C*(M; A); 
be [a]e Cyc'{M- A) =4> <5(a - 6) = 0; 

An'/w^/ <Sa = <56 = 

a-6 = <5c, c€C'{M;A) 

Furthermore, one has the following canonical isomorphism: A £t' s (Af) — H'(M; A). 
As C*(M;A) is a free two-sided projective A-module, one has the unnatural iso- 
morphism: Bor.(M; A) = A £l' s (M) Cyc'(M; A). 

Proof. It follows from standard results in cohomological algebra and cohomology 
in topological spaces. (See also [38].) □ 

Definition 4.18. We say that a manifold M is cohomologically trivial if all the 
cohomology groups H r (M; A) vanish for r > 1. 

Theorem 4.19. Let M be a n-dimensional manifold. The following propositions 
are equivalent. 

(i) M is cohomologically trivial. 

(ii) H r (M;K) = 0, Vr > 1. 

(hi) H r (M- A) ^ H r (M; K) = 0, Vr > 1. 

(iv) The complex {C'(M; A), 5} is acyclic, i.e., the sequence 



(36) 
0- 



z° 



C°(M; A) — S -^ 1 (M; A) — 



l^C n (M;A)-^0 



is exact. 



Proof. (i)^(ii) since H r (M; A) S H r {M\ K) <g) K A. 

(i)^(iii) since H r {M\A) = Hom,A(H r (M; A); A) and considering the following 
isomorphism H r (M; A) ^ H r (M; K) (g) K A. 

(i)<^(iv) since the exactness of the sequence (36) is equivalent to H r (M;A) = 0, 
for r > 1. □ 
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Theorem 4.20. Let M be a n- dimensional manifold modeled on the algebra A. 
The following propositions are equivalent. 

(i) M is cohomologically trivial. 

(ii) H r (M; A) = 0, r > 1. 

(iii) H r (M;K) = H r (M ; K) = 0, r > 1. 

Example 4.21. A manifold contractible to a point is cohomologically trivial. 

Theorem 4.22 (h-Cobordism groups). 1) If (VF;X ,Xi) 7 dW = X Q U Xi, is a 

h-cobordant and Xi, i = 0, 1, are simply connected, then W is a trivial h-cobordism. 
For n = 4 the h-cobordism theorem is true topologically. 

2) A simply connected manifold M is h-cobordant to the sphere S n iff M bounds a 
contractible manifold. 

3) If M is a homotopy sphere, then Mj}(— M) bounds a contractible manifold. 

4) // a homotopy sphere of dimension 2k bounds a stably-parallelizable manifold M 
then it bounds a contractible manifold M\. (See Definition 4-32.) 

5) Let 9 n denote the collection of all h-cobordism classes of homotopy n-spheres. 
0„ is an additive group with respect the connected sum, 15 where the sphere S n 
serves as zero element. The opposite of an element X is the same manifold with 
reversed orientation, denoted by —X. In Tab. 4 are reported the expressions of 
some calculated groups 0„. 16 

Proof. There are topological manifolds that have not smooth structure. Further- 
more, there are examples of topological manifolds that have smooth structure ev- 
erywhere except a single point. If a neighborhood of that point is removed, the 
smooth boundary is a homotopy sphere. Any smooth manifold may be triangu- 
lated, i.e. admits a PL structure, and the underlying PL manifold is unique up to a 
PL isomorphism. 17 The vice versa is false. No all topological or PL manifolds have 
at least one smooth structure. 

The h-cobordism classes 0„ of n-dimcnsional homotopy spheres are trivial for 1 < 
n < 6, i.e. n = 0, and [S n ] = 0. For n = 1, 2 this follows from the fact that each of 
such topological manifolds have a unique smooth structure uniquely determined by 
its homology. For n = 3 this follows from the proof of the Poincare conjecture (see 
[51]). Furthermore, each topological 3-manifold has an unique differential structure 
[30, 32, 65]. Therefore, since from the proof of the Poincare conjecture it follows 
that all 3-homotopy spheres are homcomorphic to S 3 , it necessarily follows that 
all 3-homotopy spheres arc diffcomorphic to S 3 too. Furthermore, for n = 4, the 
triviality of 04 follows from the works by Freedman [13]. (See also J. Cerf [6].) 



^The connected sum of two connected n-dimensional manifolds X and Y is the n-dimensional 
manifold X$Y obtained by excising the interior of embedded discs D n C X, D n C Y, and joining 
the boundary components S"' 1 C X\D n , 5 n_1 C Y \ D n , by S"' 1 X /. 

^It is interesting to add that another related notion of cobordism is the H-cobordism of 
n-dimensional manifold, (V;M,N), dV = M U N, with H.(M) S H.(N) S H.(V). An n- 
dimensional manifold E is a homology sphere if if. (S) = H,(S n ). Let 0^ be the abelian group 
of if-cobordism classes of n-dimensional homology spheres, with addition by connected sum. 
(Kervaire's theorem.) For n > 4 every n-dimensional homology sphere S is H-cobordant to a 
homology sphere and the forgethful map O n — > is an isomorphism. 

17 A topological manifold M is piecewise linear, i.e., admits a PL structure, if there exists an 
atlas {U a , *Pa} such that the composities ip a oip~ } , are piecewise linear. Then there is a polyehdron 
PCl s , for some s and a homeomorphism <j> : P M, (triangulation) , such that each composite 
ip a o is piecewise linear. 
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Lemma 4.23 (Frccdman's theorem). [13] Two closed simply connected A-manij "olds 
are homeomorphic iff they have the same symmetric bilinear form a : H 2 (M;'Z) (g) 
H 2 (M;Z) — > H i (M;Z) = Z, (with determinant ±1, induced by the cup product), 
and the same Kirby-Sicbermann invariant k. 18 Any a can be realized by such a 
manifold. If a{x ® x) is odd for some x € 7J 2 (Af;Z), then either value of k can be 
realized also. However, if o~(x® x) is always even, then n is determined by a, being 
congruent to ^<r. 

In particular, if M is homotopy sphere, then H 2 {M,'L) = and n = 0, so M is 
homeomorphic to S 14 . 19 

The cases n = 5,6, can be proved by using surgery theory and depend by the 
Smale's h-cobordism theorem. 20 

Lemma 4.24 (Smale's h-cobordism theorem). [56] Any n-dimensional simply con- 
nected h-cobordism W , n > 5, with dW = MU (-N), is diffeomorphic to M x [1, 0] . 
(All manifolds are considered smooth and oriented. —N denotes the manifold N 
with reversed orientation.) 21 

If n > 5 any two homotopy n-sphere are PL homeomorphic, and diffeomorphic too 
except perhaps at a single point. (If n = 5, (resp. n = 6), then any homotopy 
n-sphere E bounds a contractible 6-manifold, (resp. 7 '-manifold), and is diffeomor- 
phic to S 5 , (resp. S e ). Every smooth manifold M of dimension n > A, having 
the homotopy of a sphere is a twisted sphere, i.e., M can be obtained by taking 
two disks D n and gluing them together by a diffeomorphism f : 5 n_1 = S n ~ 1 of 
their boundaries. More precisely one has the isomorphism TTo(Dif f + (S n )) = & n +i, 
[/] i-> £/ = D n+1 {J f {-D n+1 ), where TV (Dif f+(S n )) denotes the group of isotopy 
classes of oriented preserving diffeomorphisms of S n . 

See the paper by M. A. Kervaire and J. W. Milnor [26] and the following ones by 
S. Smale [56, 57]. In the following we shall give a short summary of this proof for 
n > 5. This is really an application of the Browder-Novikov theorem. 

Lemma 4.25. Let S„ denote the set of smooth n-dimensional manifolds homeo- 
morphic to S n . Let denote the equivalence relation in S„ induced by diffeomor- 
phic manifolds. Put T n = S„/ ^d- 22 Then the operation of connected sum makes 
T n an abelian group for n > 1 . 

18 re is Z2-valued and vanishes iff the product manifold M X M can be given a diffcrcntiablc 
structure. 

19 lt is not known which 4-manifolds with k = actually possess differentiable structure, and 
it is not known when this structure is essentially unique. 

20 There exists also a s-cobordism version of such a theorem for non-simply connected manifolds. 
More precisely, an (n + l)-dimensional h-cobordism (V;N, M) with n > 5, is trivial iff it is an 
s-cobordism. This means that for n > 5 h-cobordant n-dimensional manifolds arc diffeomorphic iff 
they are s-cobordant. Since the Whitehead group of the trivial group is trivial, i.e., W/i({l}) = 0, 
it follows that h-cobordism theorem is the simply-connected special case of the s-cobordism. 

21 The proof utilizes Morse theory and the fact that for an h-cobordism H, (W, M) = 
H.(W,N) = 0, gives W = M X [0,1]. The motivation to work with dimensions n > 5 is in 
the fact that it is used the Whitney embedding theorem that states that a map / : N — > M , 
between manifolds of dimension n and m respectively, such that either 2n + 1 < m or m = In > 6 
and 7ri(M) = {1}, is homotopic to an embedding. 

22 r n can be identified with the set of twisted n-spheres up to orientation-preserving diffeomor- 
phisms, for n / 4. One has the exact sequences given in (37). 

(37) w (Diff+(D n )) 7T (Di//+(S"- 1 )) ^ f„ 
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Proof. Let us first remark that since we are working in H„, the operation of con- 
nected sum there must be considered in smooth sense. Then it is easy to see 
that the for M 1} M 2 , M 3 g H„, one has M 1 $M 2 = M 2 %M Y and that (MijJM 2 )ttA/ 3 = 
Mi%(M2%M-i) . Therefore, it is well defined the commutative and associative compo- 
sition map + : T n x T n — > T n , [Mi] + [M 2 ] = [MijjA^]. The zero of this composition 
is the equivalence class [S n ] e T n . In fact, since S n \ L» n lJ s „_i (S 71 ^ 1 xl) = D n , we 
get M$S n = AT \ D n U s „_i (5" \ D n |J g „-i (S" 1 " 1 x /)) = M\ D n |J s „-i £>" = M. 
Therefore, [S n ] = £ T„. Furthermore, each element M G S„ admits, up to 
diffcomorphisms, an unique opposite M' <E S„. In fact, since M\D n = D n , 

it follows that M = ^"Ua 13 " - D^Us—i- "' where A : ^ is a 

given diffcomorphism that identifies the two copies of S n . Then M' is defined 
by M' = L>"U A _ 1 L>". In fact one has A/jJAf ^ (D n (J A D n )#(D n (J A -i £>") = 
L>" Ui £>" = S n , where 1 = A o A" 1 : S 71 ' 1 . (Sec Fig. 2.) □ 

Lemma 4.26. One /ias i/ie group isomorphisms T n = 0„ for any n > 1 and 
« ^ 4. So i/iese groups classify all possible differentiable structures on S n , up to 
orientation preserving diffeomorphisms, in all dimension fi^4. 

□ 

Remark 4.27 (Strange phenomena on dimension four). It is well known that on 
R 4 there are uncountably many inequivalent differentiable structures, i.e., one has 
exotic R , say R 4 . (This is a result by M. H. Freedman [13], starting from some 
results by S. K. Donaldson [11] .J On the other hand by the fact that T4 = 04 = 
it follows for any 4- dimensional homotopy sphere £ = S 4 . So taking in to account 
that 5 4 \ {pt} = R 4 , it natural arises the question: Do exotic 4-sphere £ exist such 
that £ \ {pt} = R 4 ? The answer to this question, conjecturing the isomorphism 
T4 = 04 = 0, should be in the negative. This means that all exotic R 4 collapse on 
the unique one S by the process of one point compactification ! (However this is 
generally considered an open problem in geometric topology and called the smooth 
Poincare conjecture. (See, e.g., [14]. J 

Lemma 4.28 (M. Hirsch and J. Munkrcs). [23, 32] The obstructions to the ex- 
istence of a smooth structure on a n-dimensional combinatorial (or PL) manifold 
lie in the groups H k+1 (M;Tk); while the obstruction to the uniqueness of such a 
smooth structures, when it exists, are elements of H k (M;Tk). 

Lemma 4.29 (Kirby and Siebenman). [27] For a topological manifold M of di- 
mension n > 5, there is only one obstruction to existence of a PL-structure, living 
in H A (M]1i2), and only one obstruction to the uniqueness of this structure (when 
it exists), living in H 3 (M ; Z2). 23 



If the used diffcomorphism S n ~ 1 — > S n ~ 1 to obtain a twisted n-sphere by gluing the corresponding 
boundaries of two disks D n , is not smoothly isotopic to the identity, one obtains an exotic n- 
sphere. For n > 4 every exotic n-sphere is a twisted sphere. For n = 4, instead, twisted spheres 
are standard ones [6] . 

2 ^This result by Kirby and Siebenman does not exclude that every manifold of dimension 
n > 4 can possess some triangulation, even if it cannot be PL-homeomorphic to Euclidean space. 
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D n = (S n " 1 x l)U s n-iS n \D" 



Figure 2. Connected sum properties. 



Definition 4.30 (Intersection form and signature of manifold). 1) The intersection 
form of a 2n- dimensional topological manifold with boundary (M, dM) is the (— l) n - 
symmetric form A over the "L-module H = H n (M,d)/ torsion, \(x,y) =< x U 
y, [M] >G Z. 24 

2) (Milnor's plumbing theorem.) For n > 3 every (— l) n - quadratic form (H,\,/j,) 
over Z is realized by an (n — \)-connected 2n- dimensional framed manifold with 
boundary (V, dV) with H n {V) = H . The form (H, A, //) is nonsingular iff H m (dV) = 
H,(S ). Let (H, A) be a nonsingular (— 1)- symmetric form overW* and {bj, Cj}i<j< p 
a basis for the 1-module H , such that X(b r , b s ) = 0, A(c r , c s ) = 0, X(b r , c s ) = 0, for 

r 7^ s, and X(b r ,c r ) = 1. Let \i : H — » Q_i(Z) = Z2 be a (— 1) -quadratic function 
associated to (H, A). Then the Arf invariant of a nonsingular (— 1) -quadratic form 
(H, A, over Z is Arf(H, A, /1) = Ei< 3 < P M(&j)M c j) e Z 2 = {0, 1}. 
J/dM = 0, or H.(dM) = if.^ 2 "" 1 ), i/ien A is nonsingular. 

3) XTie signature cr(M) o/a Ak- dimensional manifold (M, 9M) is tr(M) = c(A) G Z, 
where A is i/ie symmetric form over the Z-module H2k(M) /torsion. 

A) Lei M fee an oriented manifold with empty boundary, dM = 0, dimM = n = Ak. 
Then H l (M; Z) is finitely generated for each i and H 2k (M; Z) = Z s ® Tor, where 
Tor is the torsion subgroup. Let [M] G i?4fc(M;Z) &e £/ie orientation class of M . 
Let <, >: H (M;Z) x H (M;Z) — > Z, be £/ie symmetric bilinear form given by 
(a, 6) i— >< a, 6 >=< aU 0, [M] >G Z. T/iis /orm vanishes on the torsion sub- 
group, hence it factors on H 2k (M;Z)/Tor x H 2k (M;Z)/Tor = Z s x Z s -> Z. T/ws 
means £/ia£ £/ie adjomi map : H 2k (M;1) /Tor -> Hom z (H 2k (M;Z)/Tor;Z) = 
{H 2k {M\1j) /Tor))* , a i— > <fi(a)(b) =< a, 6 >, is an isomorphism. This is a just a 



Let i? be a commutative ring and a finite generated free ij-module. A (.-symmetric form 
over H is a bilinear mapping \ : H X H R, such that A(x. y) = eA(j/, x), with e £ {+1 , — 1}. The 
form A is nonsingular if the ii-module morphism H — > H* = Homn(H; R), x i— > (y i— > X(x,y)) 
is an isomorphism. A e-quadratic form associated to a e-symmetric form A over H , is a function 
y : H —¥ Qc(R) = coker (1 — e : R — > R), such that: (i) X(x,y) = fi(x + y) — n(x) — p.(y); 
(ii) X(x,x) = (1 + e)y(x) G im (1 + e : R -> R) C ker(l - e : R -> R), Vx, y £ H, a G _R. If 
R = TL and e = 1, we say signature of A, <r(A) = p - 9 6 Z, where p and q are respectively the 
number of positive and negative eigenvalues of the extended form on R (^Ig H • Then A has a 1- 
quadratic function /i : H — > Q_|_i(Z) iff A has even diagonal entries, i.e., \(x,x) = (mod 2), with 
fj,(x) = X(x,x)/2, \/x G H. If A is nonsingular then cr(A) = (mod 8). Examples. 1) R = H = Z, 
A = 1, cr(A) = 1. 

2) R = 1, H = Z 8 , A = _E 8 -form, given by (Ay) = ( °" J" ) with (a rs ) = f! ! ! 5j, = 

j)'(^) = (|j j|)'(*-') = (n*;)- 
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Table 5. Polynomials sj(cti, • ■ ■ , a n ), for < n < 4. 



n 


s/(iti, ■ ■ ■ , <r„) 





s = 1 


1 


SOO^l) = fl 


2 


s (2)( "l. a '2) = erf - 2cr 2 
s (l,l) CT 2) = ""2 


3 


S (3) ((71, (72, CT 3 ) = of - 3(71(72 + 3(7 3 
s (l,2) CT 2, (73) = (71(72 — 3(73 
s (l,l,l)( f7 l>°'2,(73) = (73 


4 


•S (4) ((71, (72, (73, (74) = af — 4(7^(72 + 2(7j + 4(71(73 — 4(74 
s (l,3)(°"l. °"2, (73, (74) = Crf (72 - 2ct| - (71(73 + 4(7 4 
• S (2,2)(°'l. '2,(73,(74) = <y\ - 2(71(73 + 2(7 4 
s (l,l,2) ( CT 1 ! CT 2, (73, (74) = (71(73 — 4(74 
S (l,l,l,l)(°'li "2,(73,(74) = (74 



direct consequence of Poincare duality: H2k{M;Z)/Tor = (H^^M^l^jTor)* and 
a(bf][M\) =< aUb, [M] >. Then the signature of this bilinear form is the usual sig- 
nature of the form after tensoring with the rationals Q, i.e., of the symmetrix matrix 
associated to the form, after choosing a basis for Q s . Hence the signature is the 
difference between the number of +1 eigenvalues with the number of — I eigenvalues 
of such a matrix. Let us denote by a{M) the signature of the above nondegenerate 
symmetric bilinear form, and call it signature of M . 

Theorem 4.31 (R. Thorn's properties of signature). 1) If A I has dimM = 4fc, 
and it is a boundary, then a(M) = 0. 

2) o-(-M) = -a(M). 

3) Let M and L be two 4fc -dimensional closed, compact, oriented manifolds without 
boundary. Then we have a(M U L) = tj(M) + a(L) and a(M X L) = a(M).a(L), 
where the orientation on M x L is [M X L] = [M] (£> [L] . 

4) (Rohlin's signature theorem). The signature of a closed oriented Ak- dimensional 
manifold is an oriented cobordism invariant, i.e., if dW = M U N , it follows 
that a(M) = o-(N) G Z. More precisely, the signature for oriented boundary 4fc- 
dimensional manifolds is zero and it defines a linear form a : + fl4k ^- 
Furthermore, let M and N be Ak- dimensional manifolds with differentiable bound- 
aries: dM = \JjXj, ON = {_} i Y i , such that X 1 =Y\. Then one has the formula 
(38). 

(38) cr(M |J N) = cr(M) + o(N). 

5) (Hirzcbruch's signature theorem (1952)). The signature of a closed oriented 
Ak- dimensional manifold M is given by 

(39) a(M) =< Ckip!, ■ ■ ■ ,p k ), [M] >e Z 

with £fe(pi,-- - ,pk) polynomial in the Pontrjagin classes pj of M, i.e., Pj{M) = 
Pj(TM) <G H^(M), representing the L genus, i.e., the genus of the formal power 
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Table 6. /^.-polynomials for CP 2k 7 with k = 1, 2, 3, 4 and related objects. 



k 


A- 


pj(CP 2 *) 


er(CP 2fr ) 




£i(pi) = | 


p, (CP 3 ) = 3 


<r(CP 2 ) = i x3 = 1 


2 


MPl.K) = i(7p2 -Pf) 


p,(CP") = 5 
p 2 (CP") = 10 


<r(CP") = ^(7 x 10 - 25) = 1 


3 


£3(P1-P2,P3) = gi5(62p3 - 13P2P1 + 2pf) 


p,(CP°) = 7 
P2(CP°) = 21 
p 3 (CP°) = 35 


<r(CP a ) = (62 x 35 - 13 x 21 x 7 + 2 x 343) = 1 


1 


£3<pi,P2,P3,P4) = -z^jgilSlpi -71p 3 pi - 19p 2 +22p 2 pJ -3pJ) 


pi(CP 8 ) = 9 
p 2 (CP e ) = 36 
p 3 (CP 8 ) = 84 
p 4 (CP a ) = 126 


ff(CP s ) = ^^(48006 - 53676 - 24624 + 64152 - 19683) = 1 



-2 



where the numbers B 2 k are the Bernoulli numbers. 26 

6) The intersection form of a 4fc -dimensional manifold M has a 1-quadratic func- 
tion iff it has 2k th Wu class v 2k {M) = e H 2k (M;Z 2 ), in which case a(M) 
I! (mod 8). 



series given in (40). 

\fz ^ 2 2k B 2k z k z 

(40) = > — — = 1 + - 

1 ' tanh(Vi) ^ {2k)\ + 3 



25 A 

genus for closed smooth manifolds with some Jf -structure, is a ring homomorphism 
— > R, where R is a ring. For example, if the X-structure is that of oriented manifolds, 
i.e., X = SO, then the signature of these manifolds just identifies a genus a : +f2. = Q^O _^ 
such that cr(l) = 1, and a : + f2 p — > if p ^ Aq. Therefore the genus identifies also a Q-algebra 
homomorphism Q^O (g)^ q _^ q More precisely, let A = Q[t\, t2, • ■ ■] be a graded commutative 
algebra, where ti has degree i. Set A = A[[ao, ai, ■ ■ • ]], where ai G A is homogeneous of degree i, 
i.e., the elements of A are infinite formal sums a = ao + ai + ai + ■ ■ ■ . Let A* C A denote the 
subgroup of the multiplicative group of A of elements with leading term 1, Let K\(t\), K2(ti,t2), 
^3(*l> *2> £3)1 ■ ■ ■ S A, be a sequence of polynomials of A, where K„ is homogeneous of degree n. 

For a = ao+ai+a 2 H G A', we define K(a) G A' by K(a) = l+ftTi(ai) + #2(01, 02) H • We 

say that i\ n form a multiplicative sequence if K(ab) = K(a)K(b), Vo, 6 G »4*. An example is with 
K n (ti, ■ ■ • , in) = A n t n , A G Q. Another example is given by the formal power series given in (40) 
with Afe = (— l) fc-1 2 (2ky k • ^ or an y partition / = (11,12,- ■• , ifc) of n, set Xj = \i 1 \i 2 •••Aj fe . 
Now define polynomials C„(ti,--- ,t n ) G A by £ n (<!,■•■ ,i n ) = 5Zj AjS/ (fi , ■ ■ ■ ,t n ), where 
the sum is over all partitions of n and si is the unique polynomial belonging to Z[ti,--- ,t n ] 
such that sj(ai,--- ,cr n ) = J^t 1 , where ai,-- - , <r n are the elementary symmetric functions 
that form a polynomial basis for the ring S n of symmetric functions in n variables. (S n is the 
graded subring of Z[ti, ■ ■ ■ , of polynomials that are fixed by every permutation of the vari- 
ables. Therefore we can write S n = Z[<ri, • ■ ■ , cr n ], with cr; of degree i. In Tab. 5 are reported 
the polynomials s/(<ti,--. ,<r n ), for < n < 4.) £ n form a multiplicative sequence. In fact 
£{ ab ) = T.i s i( ab ) = T.i A iE/ 1 / 2 =/ s ii( a ) s / 2 ( fe ) = E/ 1 / 2 =/ Aj 1 si 1 (a)Ax 2 sj 2 (6) = C{a)C(b). 
Then for an ra-dimcnsional manifold M one defines C-genus, C[M] = if n ^ 4fc, and 
£[M] =< Kfr(pi(TM ), ■ • • ,j>fc(TM)), MAf > if n = 4fc, where /ijif is the rational fundamental 
class of M and K k ( Pl (TM), ■ ■ ■ ,p k {TM)) G H n (M; Z). 

26 Formula (39) is a direct consequence of Thorn's computation of Z Q = Q[j/4fc|fc > 1], 
with y 4k = [CP 2k ]. ( + nj(g) z (Q = for j ^ ik.) In Fact, one has Pj(CP n ) = pj(TCP n ) = 
("+ 1 ) G H 4 i(CP n ) = Z, < j < |. For n = 2k the evaluation < C k , [CP 2k ] >= 1 G Z coincides 
with the signature of CP 2fe : cr(CP 2fe ) = <j(H 2k (CP 2k ), A) = <r(Z, 1) = 1 G Z. Therefore, the 
signature identifies a Q-algcbra homomorphism (g) z Q — > Q. So the Hirzcbruch signature 

theorem states that this last homomorhism induced by the signature, coincides with the one 
induced by the genus. In Tab. 6 are reported some Hirzebruch's polynomials for CP 2k . In 
Tab. 7 are reported also the Bernoulli numbers B„, with the Kronecker's formula, and explicitly 
calculated for < n < 18. 
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TABLE 7. Bernoulli numbers B n = -Ei< fc <„+i tMT) Ei<j<*J b £ 
Q, n > 0. 





Numerator 


Denominator 


(i 


1 


1 


1 


-1 


2 


2 


1 


6 


4 


-1 


30 


6 


1 


42 


8 


-1 


30 


10 


5 


66 


12 


-691 


2730 


14 




6 


16 


-3617 


510 


18 


43862 


798 



B u = 0, n= odd > 1. 



Definition 4.32. An n- dimensional manifold M is parallelizable if its tangent 
n-plane bundle tm ■ M — > BO(n) is trivial, i.e., isomorphic to M x R n — > M = e". 
Two vector bundles £i and £2 over a same base M are stably isomorphic if£\ ® e\ = 
C2©£i> where ti, i — 1,2 are vector bundles over M with dimensions such that 
if M is a complex of dimension r, the total fiber dimensions of the Whitney sums 
exceeds r. Such bundles are said to be in stable range. 

Proposition 4.33. A connected compact n-manifold M with non-trivial boundary, 
is parallelizable iff it is stably parallelizable. 

Proof. In fact M has the homotopy type of an (n — l)-complcx and thus TM is in 
the stable range. □ 

Proposition 4.34. The set of framed n-manifolds properly contains the set of 
parallelizable n-manifolds. 

Example 4.35 (Bott-Milnor [4]). 1) The sphere S n is framed with S"xKc R"+\ 
TS n @ e = e n+1 , but not necessarily parallelizable. (See Tab. 8.) 



Table 8. Parallelizable S n . 



n 


1 


2 


3 


4 


5 


6 


7 


> 7 


parallelizable 


YES 


NO 


YES 


NO 


NO 


NO 


YES 


NO 



2 ) All spheres are stably parallelizable. 

3) Every homotopy sphere S™ is stably parallelizable. 

Definition 4.36 (Pontrjagin-Thom construction framed-cobordism). If (M,ip) is 
any n-manifold with framing <p : v{M) = M x M fc_n of the normal bundle in M. k , 
the same definition yields a map p(M, ip) G 7r^. If (Mi, ipi) U (M2, ^2) C M fe form 
the framed boundary of a (n + 1) -manifold (W, dW, $) C (R k x [0, oo),]R' £ x {0}), 
we say that are framed cobordant . The framed cobordism is an equivalence relation 
and the corresponding set of framed cobordism classes is denoted by f2^ r . This is 
an abelian additive group with respect the operation of disjoint union U. The class 
[0] is the zero of . Then one has the canonical isomorphism given in (41). 27 



27 In Tab. 4 are reported the n-stems for < n < 17. 



EXOTIC HEAT PDE'S.II 



27 



f Ofr ~ 

1 ; | tf 4 / M : 5" i+fc -> S n+k /(S n+k \ (M x R fe )) = S fe il/+ -> 5 fc 

where M + = M{J{pt}, and E fc is the k-suspension functor for spectra. 

Example 4.37 (Smale's paradox and framed cobordism). Let us consider the so- 
called Smale's paradox turning a sphere S 2 C K 3 inside out. (See also [53] J Let 
us denote by ~ S 2 the sphere S 2 with reversed orientation. Let us first note that 
these surfaces are characterized by the same generalized curvature integra. It is 
useful to recall here some definitions and results about this topological invariant. 
The generalized Gauss map of an n-dimensional framed manifold M with f : M 
R n+k , V f £* e k , is the map c : M -> V n+k>k , x i-> (( Vf ) x = R k ^ T f{x) R n+k = 
M. n+k ) and classifies the tangent n-planes bundle tm ■ M — > BO(n), with the It- 
stable trwialization TM0e fe ^ TM®v f = e n+k = TR n + k \ M 28 The generalized 
curvatura integra of M is the degree of the generalized Gauss map. 

,.„, r , rn TT , T , , f Z, if n ee (mod 2) 1 , , , . 

(42) C ,[M] e H n (y n+k , k ) = ' _ ;, A L Uk> i). 



(43) c„[M] = Hopf{M) 



^2, if n = 1 (mod 2) 

The curvatura integra of an n-dimensional framed manifold M can be expressed 
with the Kervaire's formula given in (43). 

x(M)/2 G Z, if n ee (mod 2) 
Xi/ 2 (M) G Za, if n = 1 (mod 2) 



where 

(44) Xi/2(M)= ^ dim Za fl 3 -(M;Z)GZ2 

0<j<(n-l)/2 

is called the Kervaire semicharacteristic, and 

„ . r , rl f G Z, if n ee (mod 2) 

(45) ffpp/[M] = | F2(F ' )eZ2)if Ul(rnod2) 

wif/i F : S n+k — > S k the Pontrjagin- Thorn map, and H2(F) determined by the mod 
2 Hopf invariant . This is the morphism 

' H 2 : Tr n+k (S k ) -> Z 
(F : S n+k -> 5 fc ) ^ £T 2 (F), (m > 1) 

determined by the Steenrod square in the mapping cone X — S k [J F D n+k+1 . If 
a = 1 G H k (X;Z 2 ) = Z 2 , 6 = 1 G # n+fe+1 (X; Z 2 ) = Z 2 , tften S£ +1 (a) = #2(^)6 G 
fl-™+fe+i(X;Z 2 ). One ftas (Adams) that H 2 = for n ^ 1,3,7. Hopf(M) is a 
framed cobordism invariant. 

Taking into account that x(^ 2 ) = x(~ S 2 ) = 2, and that Hopf(S 2 ) = Hopf(~S 2 ) = 
0, we get c*[S 2 } = c*[ - iS 2 ] = 1. Furthermore one has fig — K 2 = ^2 — ^2- Fi 
order to see that S 2 is cobordant with ~ S 2 it is enough to prove that ~ S 2 can be 



(46) 



v'n+k k — 0(n+k) / 0{n) is the Stiefel space of orthonormal fc-frames in R n + fe , or equivalently 
of isometries R fc — y W l+k . V n +k,k is ( n ~ l)-connected with H n (V n +k,k) = Z, if ti = (mod 2) 
or if k = 1, and Zfn(Vn+fc k) = if n = 1 (mod 2) and fc > 1. One has G n + k k = V-n+k k/0(k), 
where G n +k k is the Grassmann space of fc-dimensional subspaces of R n + . Then the classifying 
space for n-planes is BO(n) = limG n +k,k> an d the corresponding stable classifying space is 

k 

BO = Urn BO (n). 



28 



AGOSTINO PRASTARO 



obtained by S 2 by a sequence of surgeries. (See Theorem ^..12.) In fact, we can 
write the oriented S 2 as S 2 = D 2 ^ (J g i D 2 E , where D 2 ^ and D\ are two oriented 
discs in such a way that S 2 is oriented with outgoing normal unitary vector field. 
(Fig. 3(a).) By a surgery we can remove D 2 E and smoothly add another D E on the 
left of Dyy . (Fig. 3(b).) Next by an orientation preserving diffeomorphisms, we 
get ~ S 2 , the surface represented in Fig. 3(c). 




FIGURE 3. Surgery and Smale's paradox turning a sphere S 2 C M 3 
inside out. 

In conclusion S 2 U ~S 2 = dW , where W = (S 2 x {0}) x J (~S 2 x {1}) x I C 
R 3 x [0, oo). Therefore, S 2 is framed cobordant with ~ S 2 . Furthermore S 2 = ~ S 2 
(diffeomorphism reversing orientation), that agrees with the well known result in 
differential topology that two connected, compact, orientable surfaces are diffeomor- 
phic iff they have the same genus, the same Euler characteristics and the same 
number of boundaries. (See, e.g. [24] J 

Another proof that S 2 and —S 2 are cobordant can be obtained by the Arf invari- 
ant. Let us recall that if M is a framed surface M x R fc C R fe+2 ; the intersection 
form (H 1 (M),X) has a canonical (— 1)- quadratic function : H l (M) = H\(M) — > 
Q_i(Z) = fi{' = Z2, given by x 1— > (x : S 1 °-> M), sending each x € H 1 (M) 
to an embedding x : S 1 °-> M with a corresponding framing S 1 x R fe+1 C K fc+2 ; 
8v x : v x Q) e k = e^ 1 . Then one has the isomorphism Arf : fij = 7r| — ^2, [M] 1— ► 
Arf(H 1 (M),X,fi). In the particular case that M = S 2 U -S 2 , we get ^{M) = 
and Arf(H 1 (M), X, fi) = 0, hence must necessarily be [M = S 2 U -S 2 } = G Q,{ r . 
This agrees with the fact that VL^ = ^2 = ^2, arid that both surfaces S 2 and ~S 2 
belong to € Q2 since are orientable ones. 

Definition 4.38. An n-dimensional manifold V with boundary dV , is almost 
framed if the open manifold V \ {pt} framed: (V \ {pi}) x M fc c W 1+k (for k 
large enough). 

Theorem 4.39 (Properties of almost framed manifold). 1) An almost framed man- 
ifold V , with dV 7^ is a framed manifold and a parallelizable manifold. 

2) If V is an almost framed manifold with dV = 0, then there is a framing ob- 
struction 

(47) o(F) S ker(J : 7r n _i(0) -> <_ x ) 

in the sense that V is framed iff o(V) = 0. 

3) (Kervaire invariant for almost framed manifolds). Let (M,dM) be a (4k + 2)- 
dimensional almost framed manifold with boundary such that either dM = or 
H,(M) = H m (S 4k+1 ), so that (H 2k+1 (M; Z 2 ), Xfi) is a nonsingular quadratic form 
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over Tin. The Kervaire of M is defined in (48). 

(48) Kervaire(M) = Arf(H 2k+1 (M; Z 2 ), A /i). 
One /las i/ie following propositions. 

(i) // 9M = and A/ = 3iV is the boundary of a (4fc + 3) -dimensional almost 
framed manifold N, then Kervaire(M) = G Z 2 . 

(ii) TTie Kervaire of a manifold identifies a framed cobordism invariant, i.e., it 
defines a map Kervaire : £^ +2 = n 4k+2 ^2 that is if k ^ 2 l — 1. 

(iii) There exist (4fc + 2) -dimensional framed manifolds M with Kervaire(M) = 1, 
/or fc = 0, 1, 3, 7. For jfe = 0, 1,3 can take M = S 2k+1 x S 2k+1 . 

4) (Kcrvaire-Milnor's theorem on almost framed manifolds). Let us denote by SV^ r 
the cobordism group of closed n-dimensional almost framed manifolds. One has the 
exact sequence in (49). 

(49) n a/r_!!^ 7rTi _ l(0 )^L_^_ 1 

• For a Ak- dimensional almost framed manifold V one has the framing obstruction 
reported in (50). 29 

(50) 

( (V) = p k (V)/(a k {2k - 1)!) ] p k (V) € H 4k (V) = Z (Pontryagin class) 

\ MJ:T4fc-i(0) -HtJ^) \ _ f lfor fc = 0(mod2) \ _ ^ 

[ = j fc Z C vr 4fc _i(0) = Z J k \ 2 for Jfe = 1 (mod 2) J Jfc 1 4fc J 

5) (Kervaire-Milnor's theorem on almost framed manifolds-2). Let P n be the cobor- 
dism group of n-dimensional framed manifolds with homotopy sphere boundary. (P n 
is called the n-dimensional simply-connected surgery obstruction group. ) For n > 4 
O n is finite, with the short exact sequence given in (51). 

(51) 

»- coker (a : 0^ -> P n +{) 9„ ker(a : tt?/ r -> P„) ^ 

and 

ker(a) C coker (J : 7r„ -> ir n ) = kcr(o : 0° /r 7T7r n _i(0)). 

• In (52) are reported the calculated groups P n . 



(52) 



-p2n+l — 

Z if n = (mod 4) ' 
if n = 1 (mod 4) 
Z 2 if n = 2 (mod 4) 
if n = 3 (mod 4) 



P„ 



29 For k = 1 one has ji = 24; o(V) = Pi(V)/2 G 24Z C tt 3 (0) = Z. 
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6) (Kervaire-Milnor's braid n > 5). For n > 5 there is the exact commutative braid 

diagram given in (53). 

(53) 




In (53) the mappings a, b and c are defined in (54). 
(54) 

f a ■ o°* -> p „r/in - J H M ) e z if " = ( mod 2 ) Up 

I a . 52 2 „ P 2n , a(M) - j Kervaire(M) e Z 2 if n = 1 (mod 2) J ^ 
| b : P-2n — > @2n-i ; &(M) = plumbing construction E = 9M. 
[ c : 6„ -> fi^ r , c(E) = [E] e fi£ /r 

The image of b is denoted bP n < O n _i. JTien if E € o-Pn; i/ien E = 9 V, where V 
is a n-dimensional framed differentiable manifold. Furthermore, by considering the 
mapping c as c : 0„ — > n n (G/0), it sends an n-dimensional exotic sphere E to its 
fibre-homotopy trivialized stable normal bundle. 

7) (Kervaire-Milnor's braid n = 4fc + 2 > 5). For n = 4k + 2 > 5 i/ie exact 
commutative braid diagram given in (53) becomes the one reported in (55). 



(55) p«+3 = o 



7T«+2(0) =0 




FT is i/ie Kervaire invariant on the [Ak + 2) -dimensional stable homotopy group of 
spheres 



K\TT ik+2 {G) =^l k+2 



• K is the surgery obstruction: K = iff every (4k + 2) -dimensional framed differ- 
entiable manifold is framed cobordant to a framed exotic sphere. 

• The exotic sphere group O4/C+2 fits into the exact sequence (57). 



(57) 



e 



4fc+2 



■ 1"4*;+2(G) 



■ker(7r 4 fc + i(P-L) ->■ 7r 4fc+ i(G)) 



■0 



• a : 7T4fc_|_2(G/0) — > 1i is the surgery obstruction map sending a normal map 
(/, b) : M — > 5 4fc + 2 to i/ie Kervaire invariant of M. 

• 6 : P 4 fc+ 2 = Z2 — > 04fc+i sends the generator 1 G Z2 to the boundary 6(1) = 
yj4fc+i _ of the Milnor plumbing W of two copies ofTS 2k+1 using the standard 
rank 2 quadratic form ( J M overly with Arf invariant 1. TTie subgroup bP4k+2<&4k+i 
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represents the (4k + 1)- dimensional exotic spheres £ 4fe+1 = QV that are boundaries 
of framed (4k + 2) -dimensional differentiate manifolds V. 

If k is such that K = (e.g. k = 2) then bP^k+2 = ^2 < ©4fc+i md if Y, ik+1 = 
1 G hPik+2, then the (4k + 2) -dimensional manifold M = f|J s4t+ i £)4fc+2 ^ a pp 
manifold without a differentiate structure. 
• For any k > 1 i/ie following propositions are equivalent. 

(i) X : 7r 4 fe +2 (G) = 7r| fc+2 -> Z 2 is A' = 0. 

(ii) Qik+2 = 7T4fc+2(G). 

(iii) ker(7r 4fe+ i(Pi) -> 7r 4fe+ i(G)) S Z 2 . 

(iv) Every simply- connected (4k 4- 2) -dimensional Poincare complex X with a vector 
bundle reduction v x : X — > BO of the Spivak normal fibration v x : X — > BG is 
homotopy equivalent to a closed (4k + 2) -dimensional differ entiable manifold. 

Theorem 4.40 (Pontrjagin, Thom, Kcrvairc-Milnor). 1) Let bP n +i denote the 
set of those h-cobordism classes of homotopy spheres which bound parallelizable 
manifolds? For n ^ 3, there is a short exact sequence 

(58) o — bp n+1 — e„ — ^ e n /bp n+1 — > o 

where the left hand group is finite cyclic. Furthermore, there exists an homomor- 
phism J : ir n (SO) — > 7T® such that & n /bP n+ i injects into 7r*/ J(ir n (SO)) via the 
Pontrjagin- Thom construction. When n ^ 2° — 2, the right hand group is isomor- 
phic to ir^/ J(ir n (SO)). 

2) If E™ bounds a parallelizable manifold, it bounds a parallelizable manifold W 
such that iTj(W) — 0, j < n/2. 

3) For any k > 1, bP2k+i = 0. 

Proof. For any manifold M with stably trivial normal bundle with framing <p, there 
is a homotopy class p(M, ip), depending on the framed cobordism class of (M, tp). If 
p(M) C 7r^ is the set of all p(M, ip) where ip ranges over framings of the normal bun- 
dle, it follows that G p(M) iff M bounds a parallelizable manifold. (This is a result 
by Pontrjagin and Thom.) In particular, the set p(S n ) has an explicit description. 
More precisely, the Whitehead J-homomorphism : ir„(SO(r)) — > 7r„ +r (5 r ) is de- 
fined by J : (a : S n -> SO(r)) i-> (J (a) : S n+r -> S r ) that is the Pontrjagin-Thom 
map of 5™ C S n+r , with the framing 6 Q : S n xD r C S n+r = S n xD r [j D n+1 xS r - 1 , 
(x,y) i — y (x, a(x)(y)). Therefore, the map J(a) : S n+r S r , is obtained by con- 
sidering S n+r = (S n x D r )\J(D n+1 x S""" 1 ) and sending (x,y) G D n x D r to 
a(x)y G D r /dD r = S r and D n+1 x S""" 1 to the collapsed dD r . Then J : ir n (SO) = 
\mnr n (SO(r)) — > lim7r„ +r (5 r ) = 7r^ is the stable limit of the maps J(a) as r — > oo, 

and p(S n ) is the image J(ir n (SO)) C n s n = il^ r , hence one has that to a there 
corresponds the framed cobordism class (S n ,b a ). □ 

The characterization of global solutions of a PDE Ek C J*(W), in the category 
5Jt oo , can be made by means of its integral bordism groups ilp k , p G {0,1, ... ,n— 1}. 
Let us shortly recall some fundamental definitions and results about. 



M bP n +i is a subgroup of n . If Si, Ha S bP n _|_i, with bounding parallelizable manifolds Wi 
and W2 respectively, then HijjH2 bounds the parallelizable manifold W\$W2, (commutative sum 
along the boundary). 
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Definition 4.41. Let fi : Xi — > Ek, fi{Xi) = N% C Ek, i = 1, 2, oe p- dimensional 
admissible compact closed smooth integral manifolds of Ek ■ The admissibility re- 
quires that Ni should be contained into some solution V C Ek, identified with a 
n-chain, with coefficients in A. Then, we say that they are _Efc-bordant if there ex- 
ists a (p + 1) -dimensional smooth manifolds f : Y — > Ek, such that dY — X\ U Xi, 
f\Xi = fi> i = 1)2, and y = /(y) C Ek is an admissible integral manifold of Ek 
of dimension (p + 1)- We say t/iat Ni, i = 1,2, are E^-bordant if there exists a 
(p + 1)- dimensional smooth manifolds f :Y — > J^i n (W), such that dY = X\ U X2, 

f\xi = fi> i = 1,2, and V = f(Y) C J^(W^) is an admissible integral manifold of 
J„(W) of dimension (p + 1). Let us denote the corresponding bordism groups by 
ilp k and ftp(Ek), p G {0, l,...,n— 1}, called respectively p-dimensional integral 
bordism group of Ek and p-dimensional quantum bordism group of Ek ■ There- 
fore these bordism groups work, for p = (n — 1), in the category of manifolds 
that are solutions of Ek, and (J^(W), Ek). Let us emphasize that singular solu- 
tions of Ek are, in general, (piecewise) smooth manifolds into some prolongation 
(Ek)+ S C J% +S (W), where the set, T,(V), of singular points of a solution V is a 
non-where dense subset ofV. Here we consider Thom-Boardman singularities, i.e., 
q G if {itkfi)*{TqV) ^ T q V . However, in the case where Ek is a differential 

equation of finite type, i.e., the symbols gk+ s = 0, s > 0, then it is useful to include 
also in S(V), discontinuity points, q,q' G V, with TTk.o{q) = 7Tfe.o(°') = a G W, or 
with nk(q) = TTfc(g') = p£ M, where iik = ir o 7T(fc,0) : Jn(W) — > M. We denote 
such a set by T,(V)s, and, in such cases we shall talk more precisely of singular 
boundary ofV, like (dV)s = dV \ T,(V)s- Such singular solutions are also called 
weak solutions. 

Remark 4.42. Let us emphasize that weak solutions are not simply exotic solu- 
tions, introduced in Mathematical Analysis in order to describe "non-regular phe- 
nomena'. But their importance is more fundamental in a theory of PDE's. In fact, 
by means of such solutions we can give a full algebraic topological characterization 
of PDE's. This can be well understood in Theorem 4-44 below, where it is shown the 
structural importance played by weak solutions. In this respect, let us, first, define 
some notation to distinguish between some integral bordisms group types. 



(59) 



K 



71—1,11)/ {s,w) 



K 



E k 



n—l.s,w 



Ki ls n£ a n£ liS 

Y 

>- n Ek , *- n Ek , ^ 

u n—l,w n—l,w u 
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Definition 4.43. LetSl Eh _ x , (resp. £l E -i s> 

resp. 0„f.i w ), be the integral bordism 
group for (re— 1)- dimensional smooth admissible regular integral manifolds contained 
inEk, borded by smooth regular integral manifold- solutions, (resp. piecewise- smooth 
or singular solutions, resp. singular-weak solutions), of E k . 

Theorem 4.44. Let E k C J*(W) be a PDE on the fiber bundle n : W -> M, with 
dim(W) = m + re and dim M = n. 

1) One has the exact commutative diagram (59). Therefore, one has the canonical 
isomorphisms: 



jsE k ~ TsEk . C) Ek I VC Ek C)Ek 

^n-l.w/ts.w) — ^n-l.si "n-l/^n-l.s — "n-l, 



n—l,vu/ (s,w) 

n E k /K E k ^£i E x ■ n Ek JK Ek , ^Sl Ek , 

n—l,s/ n — l.s,w n — l,wi n—l/ n — l.w n—1, 



(60) 

If Ek is formally integrable, then one has the following isomorphisms: 



(6i) n Eh , = o £ ~, = fi^, ; ofS ^ . 

/ n—1 n—1 n— 1,5' n—l,w n—l s w 

2) Lei Ek C J^(M^) &e a quantum super PDE that is formally integrable, and 
completely integrable. We shall assume that the symbols g k + s 7^ 0, s = 0, 1. (This 
excludes the case k = oo.) Then one has the following isomorphisms: £l E % = 
^p,w = ttp(Ek), with p G {0, . . . ,re - 1}. 

3) Let Ek C J^(W) be a PDE, that is formally integrable and completely integrable. 
One has the following isomorphisms: fi^i w = Q n -i(E k ) = ^n-\ h w — ^n— l mi — 

Qn-l,w{Ek+h) — Qn-l(Eoo) ■ 

Proof. See [41, 51]. □ 

In order to distinguish between manifolds V representing singular solutions, where 
£(V) has no discontinuities, and integral manifolds where S(V) contains disconti- 
nuities, we can also consider "conservation laws" valued on integral manifolds iV 
representing the integral bordism classes [N]E k € ^ Ek - 

Definition 4.45. Set 



ii(T?\ =m n"(Ek)nd- 1 (cn"+ 1 (Ek)) 
(62) < { k) - Wp>o dS2p-i(E k )(B{cnp(E k )nd-i(cnp+i(E k ))} 

Here CVL p {E k ) denotes the space of all Cartan quantum p- forms on Ek- Then 
we define integral characteristic numbers of N, with [N]E k € Qp k , the numbers 
i[N) =< [N] Ek ,[a] >G M, for all [a] € 3(E k ) p . 

Then, one has the following theorems. 

Theorem 4.46. Let us assume that 3(E k ) p =/= 0. One has a natural homomor- 
phism: 



(63) 



J 



-p 



Q E * -> Hom(3(E k )P;R), [N] Ek -> j([N] Ek ), 



\ i p ([N} Ek )([a}) = J N a=< [N] Bk ,[a] > . 

Then, a necessary condition that N' € [N] Ek is the following: i[N] = i[N'], V[a] € 
3(E k ) p . Furthermore, if N is orientable then above condition is sufficient also in 
order to say that N' € [N] Ek . 
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Proof. See [37, 38, 41, 42]. □ 

Corollary 4.47. Let Ek C J^(W) be a PDE. Let us consider admissible p- dimensional, 
< p < n — 1, orientable integral manifolds. Let Ni € [A^Jb,, £ fl Ek , then 
there exists a (p + 1)- dimensional admissible integral manifold V C Ek, such that 
dV = Ni U N2, where V is without discontinuities iff the integral numbers of Ni 
and N2 coincide. 

Above considerations can be generalized to include more sophisticated solutions of 
PDEs. 

Definition 4.48. Let Ek C Jn(W) be a PDE and let B be an algebra. Let us 
consider the following chain complex (bar chain complex of Ek): {C,{Ek~, B), d}, 
induced by B on the corresponding bar chain complex of Ek, i.e., {C,(Ek', B),d}. 
(See re/s.[37, 38, 41]. ) More precisely C p {Ek] B) is the free two-sided B-module of 
formal linear combinations with coefficients in B, ^XiCi, where Ci is a singular 
p-chain f : A p — > Ek, that extends on a neighborhood U C M p+1 ; such that f on U 
is differ entiable and T/(A P ) C where is the Cartan distribution of Ek- 

Theorem 4.49. The homology H % (Ek] B) of the bar chain complex of Ek is iso- 
morphic to (closed) bar integral singular (p)-bordism groups, with coefficients in 
B, ofE k : B n^ s = H q (E k ; B) = ® m B), p e {0,1, ... ,n - I}. (If B = R we 
omit the apex B). The relation between closed bordism and bordism, is given by the 
following unnatural isomorphism: 31 

(64) Bor.(E k ; B) £* B n ml .jE k ) Cyc.(E k ;B). 

Proof. It follows from above results, and the following exact commutative diagram 
naturally associated to the bar quantum chain complex of Ek- 

(65) 


B.(E k ;B) Z.(E k ; B) H, (E k ; B) »- 



C.(E k ;B)^—C.\.(E k ;B) 

B tt., s (E k ) Bor.(E k ; B) Cyc.(E k ; B) 





Note that if X is a compact space with boundary dX, the boundary of X X /, J = [0, 1] C R, 
isd(XxI) = (Xx{0})\J(dXxI)\J(Xx{l}) = XoU p U^i> with X = Xx{0}, X 1 = Xx{l}, 
P = dXxI. One has dP = (dX x {0}) \J{dX x {1}) = dX U 9Xl On the other hand, whether 
X is closed, then d(X X I) = Xq [JXi. Furthermore we shall denote by [N]g k the equivalence 
class of the integral admissible bordism of TV C E k , even if N is not necessarily closed. So, if N 
is closed one has [N]E k £ B flf,s, and if N is not closed one has [N]E k € B,(E k ; B). 
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where B.(E k ; B) = k Gr (d\ c ^ {Ek . B) ), Z.(E k ;B) = im (0| e . (Bfc . fl) ), H.(E k ;B) 
Z.{E k ;B)/B.{E k ;B). Furthermore, 



' be [a] £ Bor.(E k ; B) => a - b = dc, ceC.(E k ;B), 
be[a]e Cyc.{E k -B) 3(a - 6) = 0, 
/ 5a = 96 = 

a-b = dc, ceC.(E k ;B) 



be[a]e A n.AE k ) 



Furthermore, one has the following canonical isomorphism: s (E k ) = H, (E k ; B) . 
As C,(E k ; B) is a free two-sided projective i?- module, one has the unnatural iso- 
morphism: Bor.(E k ; B) = B [l. s (E k ) Cyc.(E k ; B). □ 



The spaces of conservation laws of PDEs, identify Hopf algebras. (Hopf algebras 
considered here are generalizations of usual Hopf algebras [38].) 

Definition 4.50. The full space of p-conservation laws, (or full p-Hopf algcbraj, 



of E k is the following one: H p (E k 
following: Hn-i^oo) = R n ™-i. 



We call full Hopf algebra, of E k , the 



Definition 4.51. The space of (differential) conservation laws of E k C J^(W), is 
£ons(E k ) = 3(E OQ ) n - 1 . 

Theorem 4.52. The full p-Hopf algebra of a PDE E k C J*(W) has a natural 
structure of Hopf algebra (in extended sense). Furthermore, the space of conserva- 
tion laws of E k has a canonical representation in H„_i(£' 00 ). 



Proof. See [37, 38]. 



□ 



Theorem 4.53. Set: H n ^x(E k ) 



{Ek) 



){E k ) 



One has the exact and commutative diagram reported in (66), that define 



the following spaces: ^Z-i,w/{s, w y K «-i,t«' K n-i,s, w , K n-i,s- 



(66) 



K 



E k 

n—X,w/ (s,iu) 



k 



n—l,w 



K 



n— X,8,w 



K 



n — 1,5 



H n _i(Sfe) 



H n _i iS (-E/j) 



H 



n— l.io 



H,- 



,(E k ) 
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More explicitly, one has the following canonical isomorphisms: 



(67) 



n—l,w/ (s,w) 

H n _ 1 (S Jfc )/H n _ 1 , a (S Jfc )SK|* lia ; 
H n _i(S fc )/H„_i, tu (i; fe ) = K„i ltu 
£* H^^/H^,^) = , 



Furthermore, under the same hypotheses of Theorem 4-44(%) one has the following 
canonical isomorphism: H„_i jS (.Efc) = H n -i yW (E k ). Furthermore, we can repre- 
sent differential conservation laws of E k in H„_i. „,(£&). 

Proof. The proof follows directly for duality from the exact commutative diagram 
(59). □ 

Definition 4.54. We define crystal obstruction of Ek the following quotient alge- 
bra: cry(E k ) = H„((£*)cx>)/R nn - We say that E k is a 0-crystal PDE if cry(E k ) = 
0. 

Remark 4.55. An extended 0-crystal equation E k C J^(W) does not necessitate 
to be a 0-crystal PDE. In fact Ek is an extended 0-crystal PDE if fif » w = 0. This 
does not necessarily imply that il Ek = 0. 

Corollary 4.56. Let E k C J*(W) be a 0-crystal PDE. Let N ,Ni C E k be two 
closed compact (n — 1)- dimensional admissible integral manifolds of E k such that 
X = Nq U Ni £ [0] £ Q n . Then there exists a smooth solution V C E k such that 
dV = X. (See also [51, 45, 46, 47, 48].; 

Let us consider, now, the interaction between surgery and global solutions in PDE's 
of the category SDtoo . Since the surgery is a proceeding to obtain manifolds starting 
from other ones, or eventually from 0, in any theory of PDE's, where we are 
interested to characterize nontrivial solutions, surgery is a fundamental tool to 
consider. We have just seen that integral bordism groups are the main structures 
able to characterize global solutions of PDE's. On the other hand surgery is strictly 
related to bordism groups, as it is well known in algebraic topology. Therefore, in 
this section, we shall investigate as integral surgery interacts with integral bordism 
groups. 

Definition 4.57. Let it : W — > M be a smooth fiber bundle of dimension m + n 
over a n-dimensional manifold M. Let E k C J^(W) be a PDE of order k for n- 
dimensional submanifolds ofW. Let N C E k be an admissible integral manifold of 
dimension p € {0, 1, ■ • • , n — 1}. Therefore, there exists a solution V C E k such 
that N C V. An admissible integral i-surgery, < i < n — 1, on N is the procedure 
of constructing a new p- dimensional admissible integral manifold N' : 

(68) N' = N\S i x Dp- 1 - 1 |J D l+1 x S p - 2 ~ l 

such that D l+1 x S' p - 2 -' 1 C V . Here Y is the closure of the topological subspace 
Y C X , i.e., the intersection of all closed subsets Z C X , with Y C Z . 

Theorem 4.58. Let N\,Nq C E k be two integral compact (non- necessarily closed) 
admissible p-dimensional submanifolds of the PDE E k C J^(W), such that there 
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is an admissible (p + 1)- dimensional integral manifold V C Ek, such that dV = 
NqLANi. Then it is possible to identify an integral admissible manifold N[, obtained 
from Ny by means of an integral i- surgery, iff N[ is integral bording with Nq, i.e., 

N[ e [N } Ek . 

Proof. As it is well known N[ is bording with Nq, i.e., there exists a (p + 1)- 
dimensional manifold Y, with dY = Nq U N[. More precisely we can take Y = 
No x I{J D t+1 x U p ~ 1 ~ % . By the way, in order N[ should be integral admissible, it 
is necessary that should be contained into a solution passing from Ny . Then N[ is 
integral bording with Ni, hence it is also integral bording with No. □ 

Theorem 4.59 (Integral h-cobordism in Ricci flow PDE). The generalized Poincare 
conjecture, for any dimension n > 1 is true, i.e., any n-dimensional homotopy 
sphere M is homeomorphic to S n : M w S n . 

For 1 < n < 6, n ^ A, one has also that M is diffeomorphic to S n : M = S n . But 
for n > 7, it does not necessitate that M is diffeomorphic to S n . This happens 
when the Ricci flow equation, under the homotopy equivalence full admissibility 
hypothesis, (see below for definition), becomes a 0-crystal. 

Moreover, under the sphere full admissibility hypothesis, the Ricci flow equation 
becomes a 0-crystal in any dimension n > 1. 

Proof. Let us first consider the following lemma. 

Lemma 4.60. Let No,Ny C (RF) be two space-like connected smooth compact 
Cauchy manifolds at two different instant to ^ t±, identified respectively with two 
different Riemannian structures (M,7o) and (M,j\). Then one has Nq ~ N\. 

Proof. In fact this follows directly from the fact the diffcomorphisms (M, ji) = Ni, 
i = 0, 1, and from the fact that any Riemannian metric on M can be continuously 
deformed into another one. More precisely we shall prove that there exists two 
continuous functions / : iVo — > Ny and h : JVi — > Nq, such that h o / ~ 1^ and 
/ oh ~ Ijvj. Realy we can always find homotopies F,G : I x M — > M, that 
continuosly deform 71 into 70 and vice versa. More precisely Fq = idM, Gq = idM, 
-F*7i = 70, and G\^q = jy. Therefore, we get Gy o Fy ~ Go ° -Fb = 1m an d 
Fy o G\ ~ Fq o Go = 1m- Thus we can identify / with Fy and h with Gy. □ 

Lemma 4.61. Let N<y,Ny C (RF) +oa be two space-like, smooth, compact closed, 
homotopy equivalent Cauchy n-manifolds, corresponding to two different times to ^ 
ty . Then Nq and Ny , have equal all the the integral characteristic numbers. 

Proof. Since we have assumed N ~ Ny , there are two mappings / : 7V — > Ny and 
h : Ny — > N , such that h a f ~ and / o h ~ 1jv x • These mappings for functorial 
property induce canonical homomorphisms between the groups 7r p (iVj), H p {N{), 
H p (Ni), i = 0, 1, that we shall simply denote by /* and h* or /* and h* according 
to respectively the direct or inverse character of functoriality. Then one has the 
following properties f^oh* = 1, h^of^, = 1 and similarly for the controvariant cases, 
i.e., f* oh* = 1, h* o f* = 1. These relations means that the induced morphisms /* 
and /* are isomorphisms with inverse /i* and h* respectively. In other words one 
has the isomorphisms 7r p (7V ) = n p (Ny), H p (Ni) = H p (Ni), H p (Ni) S H p (Ni). As 
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a by-product we get also the commutative diagram reported in (69) . 
(69) H n (N ;R) x H n (N ; 




H n (N i; R) x H n (N- 



Since H n (Ni;R) = R = H n (JVj ; R) , i = 0, 1, let the isomorphism /» be identified 
with a non-zero number A £ R \ {0}, then (f^ 1 )* = 1/A, and we get that < 
/*[-^o]) >=< A, /i/A >= (U where /i is the number that represents the 

n-diffcrcntial form a. On the other hand one has < [iVo], a >= = /i. □ 

Lemma 4.62. Under the same hypotheses of Lemma 4- 61, let us add that we 
assume admissible only orientable Cauchy manifolds. Then N$ £ [Ni] £ f2„ . 
In other words, N — dV , where V is a smooth solution, iff < [a], [N] >= for all 
the conservation laws a. 

Proof. If we assume admissible only orientable Cauchy manifolds, then the canon- 
ical homomorphism j n : Q„ — > (X(RF) r i_ 00 )* is injective, (see [37]), therefore 



N Q £ [N^ £ ill 



iff Nq and have equal all integral characteristic numbers. □ 



Since Lemma 4.62 is founded on the assumption that the space of conservation laws 
of (RF) is not zero, in the following lemma we shall prove that such an assumption 
is true. 



Lemma 4.63. The space l(RF) r _ 



E® ,n of conservation laws of the (RF) is not 



zero. In fact any differential n-form given in (70) is a conservation law of (RF). 32 
(70) lj = Tdx 1 A • ■ ■ A dx n + X p (-l) p dt A dx 1 A • • • A dxP A ■ ■ • A dx n 



with 
(71) 



T = g tJ ^ 

XP = kJ (Rij(g) ¥> ij - R l3 (^) 9ij) dxP + C p 



ip tj ,t - KR ij ((f) = 
gij t t + nRij(g) = 



c p £ R are arbitrary constants and Lp lJ , 1 < i,j < n, are functions on R x M, 
symmetric in the indexes, solutions of the equation given in (71). 

Proof. Let us prove that duj\v = for any solution V of (RF). In fact, by a direct 
calculation we get 

(72) du = [(g ijit + KRij{g))<p ij + g l3 (if lJ , t - nR l \ip))] dt A dx 1 A ■ • • A dx n . 

Therefore, the conservation laws in (70) arc identified with the solutions of the 
PDE given in (71) for (fij. This is an equation of the same type of the Ricci flow 
equation, hence its set of solutions is not empty. □ 



32^0, n j g spectral term, in the Cartan spectral sequence of a PDE E k C J„(W), just 
representing the conservation laws space of E^. (See e.g., [37, 38, 42].) 
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Now, let M belong to the same integral bordism class of S n in (RF): M € [S n ] E 
Sin . It follows from Theorem 3.6 and Theorem 3.1, that M is necessarily home- 
omorphic to S n . However, if n > 4, the smooth solution V such that dV = M\JS n 
does not necessitate to be a trivial h-cobordism. This happens iff the homotopy 
equivalence / : M ~ S n is such that / ~ lg n . (See Theorem 3.18.) This surely 
is the case at low dimensions n = 1,2,3,5,6, and also for n = 4, if holds the 
smooth Poincare conjecture. But for n > 7 an homotopy sphere may have different 
structures with respect to this property. (See Tab. 4, Lemma 4.25 and Lemma 
4.26.) In fact it is well known that there are homotopy spheres characterized by 
rational Pontrjagin numbers. Since rational Pontrjagin classes p q <G H Aq (Al ; Q) are 
homeomorphic invariants, such manifolds cannot admit a differentiable structure, 
taking into account the fact that the signature is a topological invariant. Such 
homotopy spheres are obtained by gluing a disk D n , along its boundary S n , with 
the boundary of a disk-_D 9 -fiber bundle over a sphere S m , E — > S m , such that 
q = n — 77i. When the (n — l)-dimcnsional boundary dE is diffeomorphic to S n , 
gives to E = E\JD n a differentiable structure. But whether dE « S 71 ^ 1 , S" can- 
not, in general, have a differentiable structure, since it is characterized by rational 
Pontrjagin numbers. Therefore there are exotic spheres, (for example E™ _1 = dE), 
that are homeomorphic, but not diffeomorphic to 5 n ~ 1 . In such cases the solution 
V of the Ricci flow equation such that dV = E" _1 U S" l_1 , cannot be, in general, 
a trivial h-cobordism. 

By conclusion we get that not all n-dimcnsional homotopy spheres M can, in gcn- 
eral, belong to the same integral boundary class of [S n ] G Sl n , even if there exist 
singular solutions V C (RF) such that dV = M U S n . In fact, it docs not neces- 
sitate, in general, that V should be a trivial h-cobordism, i.e., that the homotopy 
equivalence between M and S n should be a diffeomorphism of S n isotopic to the 
identity. This has, as a by-product, that in general M is only homeomorphic to 
S n but not diffeomorphic to S n . In order to better understand this aspect in the 
framework of PDE's algebraic topology, let us first show how solutions with neck- 
pinching singular points are related to smooth solutions. Recall the commutative 
diagram in Theorem 2.24 in [37], here adapted in (73) to (RF) +oa and in dimension 
p = n. 

(73) 

(X((RF) +00 ))* (H n ((RF) +00 ;R))* 

There H n ((RF)+oo; R) is the Ti-dimcnsional bar de Rham cohomology of (RF) +oo. 
The isomorphism Qnff °° = H n ((RF) +oa ;M.) is a direct by-product of the ex- 
act commutative diagram in Definition 4.8(3) in [38]. Then, taking into account 
that in solutions of (RF) +oc cannot be present Thom-Boardman singularities, it 
follows that solutions bording smooth Cauchy manifolds in the bordism classes of 
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fi„ = i„(f2„ >+oc ) <| Q^ jS •' +00 ; can have singularities of neck-pinching type. 

(See Fig. 4(a).) 




Figure 4. Neck-pinching singular solutions type, V, dV = MU 
S n , in Ricci flow equations, with singular points p, q in (a) and r 
in (b). In (b) is reported also a smooth solution V', hording M 
and S n as well as a neck-pinching singular solution V hording the 
same manifolds. 



From Corollary 2.5 in [37] it follows that if M is an homotopy sphere belonging 

to the integral bordism class [S n ] € Q„ +oc , one has surely M U S n = dV , 
for some smooth solution V' of (RF), but can be also ilf U S n = dV for some 
solution V C (RF) +00 having some neck-pinching singularity. (See Fig. 4(b).) In 
general V cannot be considered isotopic to V . However M is diffeomorphic to 
S n , (the diffeomorphism is that induced by the smooth solution V'), and all the 
singular points, in the neck-pinching singular solutions, hording M with S n , are 
"solved" by the smooth bordism V. Let us also emphasize that if an n-dimensional 
homotopy sphere M e [S n ] € D,i^' F ^ + °° , i.e., there exists a smooth solution V C 
(RF) +OQ such that dV — M U S n , means that the characteristic flow on V is 
without singular points, hence from Theorem 3.1 it follows that V = M x I, and 
V = S n x /, hence M = S n . If this happens for all n-dimcnsional homotopy 
sphere, then 0„ = and vice versa. However, it is well known that there are 
homotopy spheres of dimensions n > 7 for the which 0„ ^ 0. (For example 
the Milnor spheres.) This is equivalent to say that ir (Diff + (S n ~ 1 )) ^ 0, since 
©n — 7r o(-Di//+(<5'™ _1 )) (Smale). This happens when there are homotopy spheres 
that bound non-contractiblc manifolds. In fact, if there exists a trivial h-bordism V 
hording S n with M, then W = V \J S „ D n+1 = D n+1 and dW = M. However, since 
the conservation laws of {RF) depend on a finite derivative order (second order), the 
fact that all n-dimensional homotopy spheres have the same integral characteristic 
numbers of the sphere S n , implies that there are smooth integral manifolds hording 
them at finite order. There the symbols of the Ricci flow equation, and its finite 
order prolongations, are not trivial ones, hence in general such solutions present 
Thom-Boardman singular points. As a by-product of Theorem 2.25 in [37], (see 
also [38]), and Theorem 2.1, Theorem 2.12 and Theorem 3.6 in [41] between such 
solutions, there are ones that are not smooth, but are topological solutions inducing 
the homeomorphisms between M and S n : M sa S n . Therefore, if we consider 
admissible in (RF) only space-like Cauchy integral manifolds, corresponding to 
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homotopy spheres, (homotopy equivalence full admissibility hypothesis), then one 
has the short exact sequence (74). 

(74) K%P SI™ Qg? = 

We get 

(75) nl RF) ~ K { n R P = {[M\\M = dV,V = singular solution of (RF)} 

and M <G [S n ] <E fi« iff M = S n . Furthermore, two n-dimensional homotopy 

( RF) 

spheres E" and E™ belong to the same bordism class in Q„ iff E™ = E™. There- 
fore we get the following canonical mapping T n — y Q n \ [E n ]p Tl 1 — y [E n ] ( - ) (-n.F) , such 
that {s r„} n- [^'''JjjisF). (For n ^ 4, one can take T n = 9 n .) This mapping 
is not an isomorphism. Therefore, in the homotopy equivalence full admissibility 
hypothesis, and in the case that T n = 0, we get that the Ricci flow equation be- 
comes a 0-crystal PDE, so all homotopy spheres are diffeomorphic to S n . This is 
the case, for example, of n = 3, corresponding to the famous Poincare conjecture. 
Finally, if we consider admissible in (RF) only space-like Cauchy integral manifolds, 
corresponding to manifolds diffeomorphic to spheres, (sphere full admissibility hy- 
pothesis), then Cln — Kn!f — f^/^ = and one has cry(RF) = 0, i.e. (RF) 
becomes a 0-crystal for any dimension n > 1. □ 

References 

[1] R. P. Agarwal and A. Prastaro, Geometry of PDE's.III(I): Webs on PDE's and integral 
bordism groups. The general theory. Adv. Math. Sci. Appl. 17(1)(2007), 239-266; Geometry 
of PDE's. 111(11): Webs on PDE's and integral bordism groups. Applications to Riemannian 
geometry PDE's, Adv. Math. Sci. Appl. 17(1)(2007), 267-281. 

[2] R. P. Agarwal and A. Prastaro, Singular PDE's geometry and boundary value problems. 
J. Nonlinear Conv. Anal. 9(3)(2008), 417-460; On singular PDE's geometry and boundary 
value problems. Appl. Anal. 88(8)(2009), 1115-1131. 

[3] M. Berger, Les varietes riemaniennes -^-pinces. Ann. Scuola Norm. Sup. Pisa 14(1960), 
161-170. 

[4] R. Bott and J. W. Milnor, On the parallelizability of spheres. Bull. Amer. Math. Soc. 
64(1958), 87-89. 

[5] A. Casson, Fibrations over spheres. Topology 6(1967), 489-499. 

[6] J. Cerf, Sur les diffeomorphismes de la sphere de dimension trois (T4 = 0). Lecture Notes 
Math. 53(1968), Springer- Verlag, Berlin, New York. 

[7] J. Cheeger, Finiteness theorems for Riemannian manifolds. Amer. J. Math. 92(1970), 61-74. 

[8] B. Chow and D. Knopp, Ricci flow: an introduction. Mathematical Surveys and Mono- 
graphs, vol. 119, Amer. Math. Soc, Providence. RI, 2004. 

[9] B. Chow, S. C. Chu, D. Gliekenstein, C. Guenther, J. Isenberg, T. Ivcy, D. Knopf, P. Lu, F. 
Luo and L. Ni, The Ricci Flow: Techniques and Applications: Part I: Geometric Aspects, 
Mathematical Surveys Monographs 135, Amer. Math. Soc. 2008. 



From this theorem we get the conclusion that the Ricci flow equation for n-dimensional 
Riemannian manifolds, admits that starting from a n-dimensional sphere S n , we can dynamically 
arrive, into a finite time, to any n-dimensional homotopy sphere M. When this is realized with 
a smooth solution, i.e., solution with characteristic flow without singular points, then S n = M. 
The other homotopy spheres that are homeomorphic to S n only, are reached by means of 
singular solutions. So the titles of this paper and its companion [53] are justified now ! 

Results of this paper agree with previous ones by J. Cerf [6], M. Freedman [13], M. A. Kervaire 
and J. W. Milnor [26, 29], E. Moise [30, 31] and S. Smalc [56, 57, 58], and with the recent proofs 
of the Poincare conjecture by R. S. Hamilton [18, 19, 20, 21, 22], G. Perelman [34, 35], and A. 
Prastaro [51, 1]. 



42 AGOSTINO PRASTARO 

[10] B. Chow, S. C. Chu, D. Gliekenstein, C. Guenthcr, J. Isenberg, T. Ivcy, D. Knopf, P. Lu, 

F. Luo and L. Ni, The Ricci Flow: Techniques and Applications: Part II: Analytic Aspects, 

Mathematical Surveys Monographs 144, Amcr. Math. Soc. 2008. 
[11] S. K. Donaldson, Self-dual connections and the topology of smooth 4-manifolds, Bull. Amcr. 

Math. Soc. 8(1983), 81-83. 
[12] S. Ferry, A. A. Ranicki and J. Rosenberg, Novikov conjecture, rigidity and index theorems, 

(eds.), Proceedings of 1993 Oberwolfach Conference, London Math. Soc. Lecture Notes 226, 

227, Cambridge University Press, 1995. 
[13] M. Freedman, The topology of four- dimensional manifolds, J. Differential Geom. 1(3)(1982), 

357-453. 

[14] M. Freedman, R. Gompf, S. Morrison and K. Walker, Man and machine thinking about the 

smooth A.- dimensional Poincare conjecture, arXiv:09065.5177[math.GT] . 
[15] M. Freedman and F. Quinn, Topology of 4- manifolds, Princeton Math. Sericr 39 Princeton 

Univ. Press, Princeton, N.J. 1990. 
[16] H. Goldshmidt, Integrability criteria for systems of non-linear partial differential equations. 

J. Differential Geom. 1(1967), 269-307. 
[17] M. Gromov, Partial Differential Relations. Springer- Verlag, Berlin 1986. 
[18] R. S. Hamilton, Three-manifolds with positive Ricci curvature. J. Differential. Geom. 

17(1982), 255-306. 

[19] R. S. Hamilton, Four-manifolds with positive Ricci curvature operator. J. Differential Geom. 
24(1986), 153-179. 

[20] R. S. Hamilton, Eternal solutions to the Ricci flow. J. Differential Geom. 38(1993), 1-11. 
[21] R. S. Hamilton, The formation of singularities in the Ricci flow. Surveys in Differential 

Geometry, International Press, 1995, 2(1995), 7-136. 
[22] R. S. Hamilton, A compactness property for solutions of the Ricci flow on three-manifolds. 

Comm. Anal. Geom. 7(1999), 695-729. 
[23] M. Hirsch Obstruction theories for smoothing manifolds and mappings, Bull. Amer. Math. 

Soc. 69(1963), 352-356. 
[24] M. Hirsch Differential Topology, Springer- Verlag, New York, 1976. 

[25] T. Kawakami, Algebraic and Nash realizations of vector bundles and triviality of equivariant 
algebraic and Nash vector bundles. Bull. Fac. Educ, Wakayama Univ., Nat. Sci. 57(2001), 
1-10. 

[26] M. A. Kervaire and J. W. Milnor, Groups of homotopy spheres: I, Ann. of Math. 
77(3) (1963), 504-537. 

[27] R. C. Kirby and L. C. Siebenman, On the triangulation of manifolds and the Hauptverun- 

tumg, Bull. Amer. Math. Soc. 75(1969), 742-749. 
[28] W. Klingenberg, Neue ergebnisse uber konvexe fldchen. Comment. Math. Helv. 34(1960), 

17-36. 

[29] J. Milnor, On manifolds homeomorphic to the 7 '-sphere. Ann. of Math. 64(2) (1956), 399- 
405. 

[30] E. Moise, Affine structures in 3-manifolds. V. The triangulation theorem and Hauptver- 

muntung. Ann. of Math. Sec. Ser. 56(1952), 96-114. 
[31] E. Moise, Geometric topology in dimension 2 and 3. Springer- Verlag, Berlin, 1977. 
[32] J. R. Munkres, Obstructions to smoothing a piecewise differential homeomorphisms, Ann. 

of Math. 72(1960), 521-554; Obstructions to imposing differentiable structures, Illinois J. 

Math. 8(1964), 361-376. 
[33] J. Nash, Real algebraic manifolds. Ann. of Math. 56(2)(1952), 405-421. 
[34] G. Pcrelman, The entropy formula for the Ricci flow and its geometry applications, 

arXiv:math/0211159. 
[35] G. Perelman, Ricci flow with surgery on three-manifolds, arXiv:math/0303109. 
[36] A. Prastaro, Quantum geometry of PDE's. Rep. Math. Phys. 30(3)(1991), 273-354. 
[37] A. Prastaro, Quantum and integral ( cojbordisms in partial differential equations. Acta Appl. 

Math. 51(1998), 243-302. 
[38] A. Prastaro, (Co)bordism groups in PDE's. Acta Appl. Math. 59(2)(1999), 111-202. 
[39] A. Prastaro, (Co)bordism groups in quantum PDE's. Acta Appl. Math. 64(2/3) (2000), 

111-217. 

[40] A. Prastaro, Quantized Partial Differential Equations, World Scientific Publ., Singapore, 
2004. 



EXOTIC HEAT PDE'S.II 



43 



A. Prastaro, Geometry of PDE's. I: Integral bordism groups in PDE's. J. Math. Anal. Appl. 
319(2006), 547-566. 

A. Prastaro, Geometry of PDE's. II: Variational PDE's and integral bordism groups. J. 
Math. Anal. Appl. 321(2006), 930-948. 

A. Prastaro, Geometry of PDE's. IV: Navier-Stokes equation and integral bordism groups. 
J. Math. Anal. Appl. 338(2)(2008), 1140-1151. 

A. Prastaro, (I] n) stability and bordism groups in PDE's. Banach J. Math. Anal. 1(1)(2007), 
139-147. 

A. Prastaro, Extended crystal PDE's stability. I: The general theory. Math. Comput. Mod- 
elling 49(9-10) (2009), 1759-1780. 

A. Prastaro, Extended crystal PDE's stability .II: The extended crystal MHD-PDE's. Math. 
Comput. Modelling 49(9-10)(2009), 1781-1801. 

A. Prastaro, On the extended crystal PDE's stability. I: The n-d'Alembert extended crystal 
PDE's. Appl. Math. Comput. 204(1)(2008), 63-69. 

A. Prastaro, On the extended crystal PDE's stability. II: Entropy-regular- solutions in MHD- 
PDE's. Appl. Math. Comput. 204(1)(2008), 82-89. 

A. Prastaro, Surgery and bordism groups in quantum partial differential equations. I: The 
quantum Poincare conjecture. Nonlinear Anal. Theory Methods Appl. 71(12)(2009), 502- 
525. 

A. Prastaro, Surgery and bordism groups in quantum partial differential equations. II: Vari- 
ational quantum PDE's. Nonlinear Anal. Theory Methods Appl. 71(12)(2009), 526-549. 
A. Prastaro, Extended crystal PDE's, arXiv: 0811.3693[math.AT] . 
A. Prastaro, Quantum extended crystal super PDE's, arXiv: 0906.1363[math.AT]. 
A. Prastaro, Exotic heat PDE's, Commun. Math. Anal. 10(1)(2011), 64-81. arXiv: 
1006.4483[math.GT]. 

A. Prastaro and Th. M. Rassias, Ulam stability in geometry of PDE's. Nonlinear Funct. 
Anal. Appl. 8(2)(2003), 259-278. 

T. Rado, Uber den Begriff von Riemannsche Fldche. Acta Sci. Math. (Szeged) 2(1924), 
101-120. 

S. Smale, Generalized Poincare conjecture in dimension greater than four. Ann. of Math. 
74(2)(1961), 391-406. 

S. Smale, On the structure of manifolds. Amcr J. Math. 84(1962), 387-399. 
S. Smale, Differentiable dynamical systems. Bull. Amer. Math. Soc. 73(1967), 747-817. 
D. Sullivan, On the Hauptvermuntung for manifolds. Bull. Amer. Math. Soc. 73(1967), 
598-600. 

R. Thorn, Quelques propriete globales des varietes differentieles. Comm. Math. Helv. 
28(1954), 17-86. 

A. Tognoli, Su una congettura di Nash. Ann. Scuola Norm. Sup. Pisa 27(1973), 167-185. 
W. Tuschmann, Geometric diffeomorphism finiteness in low dimensions and homotopy 
group finiteness. Math. Annalen 322(2)(2002), 413-420. 

C. T. C. Wall, Determination of the cobordism ring. Ann. of Math. 72(1960), 292-311. 
C. T. C. Wall, Surgery on Compact Manifolds, London Math. Soc. Monographs 1, Academic 
Press, New York, 1970; 2nd edition (ed. A. A. Ranicki), Amer. Math. Soc. Surveys and 
Monographs 69, Amcr. Math. Soc, 1999. 
[65] J. H. C. Whitehead, Manifolds with transverse fields in Euclidean spaces. Ann. of Math. 
73(1961), 154-212. 



